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| use the notation in my Real Scalar Field Notes. | usually
use p for the magnitude of the momentum 3-vector, p = |p|,
so p> = p - p. But for this homework | will use p? for the
dot product of the momentum 4-vector: p?> =p-p=p? =

(r°)? — p*.
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Part I
QED
1. LAGRANGIAN

The bare Lagrangian is

2
Z = &B(ia - mB)wB - % - eB&BABwB7 F2 - FaﬁFag.
(1)

| renormalize.
My = Zmm, en = Zee, s = \/Zoth, Ag = \/Z3A (2)
Fop = 0uAp — 0gAy = F2 = Z3F? (3)

2

L = Zop(il) — Zpm)ip — ZgFI — ZoZon/ Zsehp A (4)

2

L = LD — Do Damibts — 2y — 2. 2o Zyedb o)

4
(5)
7y = Z. 2o\ Z3 (6)

2
L = iZsp Py — Zyy Zomipth — Zg% — Ziep Ay | (7)

Zi=1+6; (8)

2. SCALING

In DimReg e — pu*~%9/2¢ where [u] = 1.

_ _ F? _
L = 2y = Zom Zymip — Zy - = Zapt D Py

9)

3. COUNTERTERMS

Schwartz gives the counterterms in the minimal subtrac-
tion scheme in DimReg (Egs. 19.66 & 23.25).

e? e? 3e?
51:52=—m; 53:_ﬂ’ 5m:—ﬁa
e2
e—0 (10)

4. RENORMALIZATION GROUP EQ.

The bare coupling is independent of w, which implies

deg
o

= 0. (11)

This is the renormalization group Eq. (RGE). Comparing
Egs. 1 & 9 yields

eBﬂZBABwB = ZIM(4_d)/26'¢;A'¢- (12)
2y =220\ Zs, oy =22, Ay=+\/Z34 (13)
Zap\A= D2 eqp Ay (14)

631/7}34431/}3 = ZeZ>

eBQZBABd)B = Zeu(47d)/261/_13443¢s = eép = Ze,u(47d)/2€

The dimension d has € dependence: d =4 — e. 1)
e = Ze/f/ze (16)
| plug into Eq. 11.
0 = pe (Zopue/2e) (17)
dp

The renormalized coupling e depends on p: e = e(p).

d z, d
0=p (Zeeduue/z + ue/zea + Ze/f/QdZ) (18)

| define the beta function:

de

Ble) = Wt (19)

d dZ. Ly de
0= Zeeu@;f/? + ;f/zeuw + Zept /2/1@ (20)

€ /o . dZ, .
0= Zeepmpu* " + u‘/zeua + Zop?Be)  (21)

dZ,
0= Zeeglf/Q + u e it Zeu?Ble)  (22)

dz, d dbe d €? 1 de?
dp  du dp  dp12mw2e 1272e dp
e de
= — (23
6m2e d (23)
0= pc/? Zei+iu£+Zﬁ(e) (24)
72 6m2e dp ©
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€
7Ze _
0= €2+

€ 62
0=Zce; + <2 + Ze> Ble)
6m%€

2

2

672

Ble) + Z.B(e)

(25)

(26)

2
0=(1+6)es+ [ ——+140.)Be) (27)
2 6m2e
€ ed €2 e?
ST (5 (T 2
0=35¢" g4 +(  GaZe 12w2e) bl (28)
€ e3 e?
= e+ S (1S 2
0 gt o st ( + 47T2€> B(e) (29)
€2 e e?
(1 + 47?26) Ble) 2 (6 + 1271'2> (30)
e 2 2 \ 7!
__° 1 1
fle)=—3 <€+ 12 2) ( + 47r26) (31)
| expand for small e.
3
€ e
= fet— 2
Ble) = —fe+ 1oy (32)
5. RUNNING COUPLING
| take € — 0.
o3
Ble) = Ton2 (33)
de €3
A - - 4
" Ble) =15 (34)
de dup
2 _
e(w) ¢ B
127 / = :/ et (36)
e(uo) € po M
() do Hdx
127 / & / dx (37)
e(po) x Ho T
1 1 W
67> [ - ] =In () 38
SR o (38)

1

1 1

e(n?  elpo)?  6m*

'

Ho

e(pn)? =

e(po)?

1— 76(5;’2)2 In

(

M
Mo

)
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Part II
®3 in 6D
6. LAGRANGIAN

The bare Lagrangian is

00 2
g=-200%  Tagr e, - el (43)
9 2 3!
| renormalize.
Qp =V Zo®, mp = \/va Gy = ZcG, gs = Zgg
(44)
OO 2
P 7,202 Zmz@%¢2 + ZaN/ZaGP
3/2 9
— 2,73 5 (45)
7y =ZaN Ze,  Zo= 2,737 (46)
dOd 2
L= 75222 T Za 50 + 216G — 2,507
(47)
Zi=1+06; (48)
7. DIMENSIONS & SCALING
In HW 4 | found
d
@] =5 1 (49)

2] = d = [g9°] = [g] + 3[8] = [g] + 34— 3

— l=3-5 (0)

Ind = 6: [g] = 0. To keep g dimensionless for all d |
introduce the scale factor

g— ‘u3fd/29 _ u(ﬁfd)/2g7 (1] = 1. (51)

0P

m2
L =—Ts —Zqu>7<1>2+Zlaq>

_Z2M(6—(i)/2%q)3 (52)

| used a different scaling in HW 4 so | need to be careful
when copying results.

8. COUNTERTERMS

| found the counterterms in HW 4.
2
agm 3 "

Unfortunately this log is dimensionful: | discuss this problem
in HW 4. The Euler-Mascheroni constant is v = 0.577216.

© 25673

P LS NS
L 19813 e’ * 7 T 384n3¢’
59° g°
= =S sy =L (54
m 38473¢’ 2 64m3e (54)
Zy = 2,737 s g o= AF02 (55)
2 9= P g (1+5q>)3/2

2 2 —3/2
g g
5,=(1- 1 1
g ( 647T36> < 3847r3e> (56)

| expand to leading order as g — O.

9’ 9’
=(1- 1+ —=— ) -1
% ( 647r36) ( + 2567T3€> (57)

2 2 2
g g 3g
5, = — — |6, = — 58
9 956m3e  64m3e g 25673 (58)
9. RGE

Like the official solution | only consider the running of ¢
(not G). This makes sense because the linear term in Eq.
52 is only there to kill tadpoles. The actual interaction is
cubic.

dg
= — |, 59
Blg) = u (59)
The RGE is
dgs
—— =0. 60
m (60)
Comparing Egs. 43 & 52 yields
gu®3 = Zop6~D/2gP3 (61)

Ty = 2,737, @y =\/Za® (62)

3/2 — —
9% = 2,23/ *u Vg0 = 2,907 —
Je = Zgﬂ(6_d)/29 (63)
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ng d _
= p——[Zyu D2 =0, d=6- 64
m udu[ ght 9] =0, e (64)
B (Zypel2g) = 0 (65)
dp "7

dg

=0 (66)

Ly dZ d . .
7 /qude  Zogh g 24 ZgpPp

dz € _ .
/f”gude + 5 Zggu Tt + Zgu?B(g) =0 (67)

€

iz . .
pPgp—"+ =Zygu® + Zgu*B(g) =0 (68)

dp 2
A2y L e A, 3 e dg
dp — dp 97 dy - 256m3e du 1287T3€(él9u)
; ; 39" 2, dg
g Zagn ! + ZopPB(9) = g n g =0 (70)

5<g>} —0  (m)

1287m3¢
g+ Z,8(0) - —L By =0 (72)
2299 29P\9) ™ Tog e\
34>
(2 o )8 = ~520 (@)

12873 27 279
9g> € 3g°
- - 76
( 2567736> Bl9) = =39+ 510 (76)

3g° 99> \ '
bl = - <;g - 513#’») (1 N 2561%) (")

| expand as g — O.

_ € 3q° 942
blo) =~ (29 - 5127r3) (1 2563 (78)
€ 94> 3q°
=—S4(1
blg) 29< * 2567r3e> T 512 (79)
€ 3q°
Blg) = —59 ~ 25673 (80)

10.

| take € — 0.

3

0

2567° /90” de /“ da
g xB Ho .13 7

RUNNING COUPLING

343
ﬁ(g) - 72567’('3
dg _ 3¢°
Mdu - 25673

2567%dg  du
395

90 = g(o)

(81)

(82)

(84)

(85)

(86)

(87)
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