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| use the notation in my Real Scalar Field & QED Notes. |
usually use p for the magnitude of the momentum 3-vector,
p = |p|, so p? = p - p. But for this homework | will use p?
for the 4-vector dot product: p? = p- = p? = (p°)? — p2.

O

A
FIG. 1. Feynman lines

k

P

FIG. 2. The 3-way vertex with factor ie(+7+ k), where —/+
is for particles/antiparticles.

1. SCALAR QED LAGRANGIAN
The free Lagrangian is
2= [0 = = — o, m
The full Lagrangian is
L =Ly + A2 +ieAr ], (2)

where J, = ¢ 0,0 — ¢*0,0.

2. FEYNMAN RULES

| show the scalar and photon lines in Fig. 1. Their prop-
agators are

- My )
p? +ie’ ¢ p2 —m?2 +ie (3)

The interactions are in Figs. 2 & 3.

FIG. 3. The 4-way vertex with factor 2ie?n,., .
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FIG. 4. Feynman diagram ¢M,y. The photon is off-shell: it

represents the momentum transfer with the external electro-
magnetic field, not an actual photon.

3. 1—-1S-MATRIX

| compute the 1 — 1 (no bremsstrahlung) S-matrix ele-
ment to order €3,

M= My+ My + My, (4)

where Mg (Fig. 4) is leading order, M5 is the two-point
contribution, and M, is the vertex correction.

3.1. My

iMy=ie(~P —jg—P)- A (5)

If the external photon was real | would contract with its
polarization. But when it represents momentum exchange
with an external electromagnetic field | contract with the
field.

My = —e(f+2P)- A (6)

3.2. M,

M has two diagrams (Figs. 5 & 6)
iMg = RE[1] + X[2]. (7)

S - L e B e
82 =~y A [ dgie(2P — qp2ictn,,
)

—in

= — (8
(P—q)2 —m2+ieq* — A\* +ie ®)

FIG. 7. Symmetry factor combinatorics for %¥[1]. By symme-
try the symmetry factor for %*[2] must be the same.

S is the symmetry factor (Fig. 7) and X is a fictitious photon
mass to regulate IR divergences.
23

S= G =1 ()

31 y
3}[2] = @T/uunu (10)
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. /d4q _ 2P — ¢ (11) The odd term integrates to 0.
(P = q)* —m? +i€](q*> — A* + i) 1 2
:/T-ﬁ/ dx(Qfx)/iq, (26)
nuv 0 (q2 — K+ ’LE)2
Nu = (12)
e’ / d*q
_ & L= ——"-—= 27
2] = o (13) 1 VEErEAE (27)
3.2.1.  Feynman Parameters .ol
I=A P/ dr (2 —x)I (28)
0
B = ¢*~\2+ie, C = (P—q)?—m>+ie, D = B+(C—B)a)c 3 L
14 - - 1.p _
( el = 2 AP /0 dr (2 — )Ty (29)

o 1 5 -
- 2P — g
4
4./de/dq 2

3.2.4. UV Divergence

D=¢*>—22P -7— N+ (P> —m? 4+ )z +ie (16)
P2 = m? (17) A dg
=m 11~/ WA, Ao (30)
1 g
D=¢*—2zP-G— (1 —2)\* +ic (18)  ¢[2] has a logarithmic UV divergence.

8.2.2. Complete the Square
8.2.5.  Wick Rotation

Before testing for IR divergences | need to Wick rotate.

2 _ b\° b? Otherwise the momentum integral diverges and it becomes
ar” +brte=a{z+ 2. Te- 4a (19) impossible to see if there is an IR divergence; this happened
during my first attempt.
r—q, a—1, b—>—2xﬁ, c— (x =DM +ie (20
1 (@=1) (20) s = 4. P/dx _ 1) (31)
274
D = (§—xP)? — k +ie (21)
d*q
L=| 55— 32
= (1 —2)\? 4 z%*m? (22) ! / (¢®> — Kk +i€)? (32)

In my Real Scalar Field Notes | derived

2P — k
I=A /dz/d4 - , (23) . .,
_xP )2 — K+ i€]? / d*p :i/ d*ps (33)
(P* — A +ie)" (—=p2 — &)™’
3.2.3.  Shift Integrand where p2 = § ﬁpapB
E (&3 .
d4
S T 5 h=1 / T (34)
i=k—aP, k=qg+aP, dq=d% (24) (a2 + k)

O R PRl | SR 3y ) R e

43 + k)
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8.2.6. IR Divergence
1 4
d*qg
ﬁ*Qw/de—m/i 36
[ ] 0 ( ) (q% +I€)2 ( )
k= (1—x)\? + 2?m? (37)

To test for IR divergences | set A = 0.

ﬁ[Q]w/Oldat(2—x)/(d4qE (38)

@+ )

1 e} q3

2] ~ dx (2 — dQ————— 39

s~ [ de-a) [ i s @)
The IR divergence can only appear around ¢ = x = 0.
5 mao q3
32[2] ~ dx (2 — dg———=—=, 0—0

[ ] A $( l‘) 0 Q(q2+x2m2)2’ — +

(40)

Where § is dimensionless. Since | am power counting | set
m = 1.

) § 3
x:s[z]N/O dx(2—x)/0 Wit ()

1) 4 qS
2] ~ 2/0 dx/o dqm (42)
5 s e
£[2] ~ /0 do /0 e (43)
g=uxt, t=gq/z, t(0)=0, t(6) =0/x, dg=xdt (44)
S é6/x t3
£[2] ~ /0 do /O e (45)
z=ux/0, 2(0)=0, z(6)=1, dx=ddz (46)
1 1/z t3
2[2] ~ & /O dz /0 e (47)

2/adz;xg—ln(1+a2)—a2 (48)
o (1+a2)? 1+ a?

2[2] ~ g/oldz [m (1+ 212) - lez] (49)

1 1
1 T dzx T
deln|14+ —= ) =—=+1n2 Ite———
/0 xn( erQ) 2+ n2, /0 T2 1 (50)

2] ~ lim 6§ =0 (51)

5*}04,

There is no IR divergence.

o]

FIG. 8. iMy

3.2.7. Final

By symmetry %¢[1], like %*[2], also has a UV divergence,
but does not have an IR divergence. So My (Eq. 7) is
UV, not IR, divergent. In this problem | only care about IR
divergences, which is why | did not include counterterms.

All | need is
(M=% (52)

where % means IR convergent: | use this label for both
finite and UV divergent terms.

3.3. My

The vertex correction diagram is Fig. 8.

. S 4. .
— _PH _ (PH 4 P
iMy G /d qie| (P* + ¢*)]ie
A [=(P+q) — (P+q+p)iel~(P"+¢"+p") — (p” +P")]
7 )
(P+q)2 —m?+ie(P+q+7p)%—m2+ie
—in
@® — N2 +ie (53)

S, Fig. 9, is the symmetry factor and A is a fictitious photon
mass to regulate IR divergences.

6x4x2
5= 3123 =1 (54)

ie3 - 2P+ 27+
= A | d*
MV (277)4 / QqQ _ )\2 + ie

2P +¢" (2P +2p” + ¢") 0w
(P+q)2 —m?+ic (P+q+7)%—m2+ie
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8.8.1.  Feynman Parameters

B = (P+7)>—m?+ic, C=(P+q+p)?—m>+ie,
F=¢>—)+ie (61)

BCF
A-(F+27+2P) (62)

ie? /d4 AP .34 27 7+ ¢ — 2p* + 4m?

3

1
2/ dedydzé(z+y+2z—1)
0

4P'q—|—2q-ﬁ—|—q2—2]92—1—47712
D3

(63)
D =2xzB+yC +zF (64)

D =x(P+7) +y(P+7+p)*+2¢* — (z+y)m* — 2)?
+ (z+y+2)ie (65)

FIG. 9. Symmetry combinatorics for My, .

Inside the integrand z +y + z = 1.

ie® - [ 4 2P+27+7 . .
MVZWA'/UZ PN tic D =z(P+q)*+y(P+q+p)" +2¢" = (z+y)m? —2\* +ie
66
2PF + g 2P, +2p, +qu (66)
B 1 q)2 2 1L ie(Padap)? 245 (56) - - _,
(P+q)2—m2+ic(P+q+p)%—m?+ie D = (P + @ +27-P) +y[(5+ P)? + ¢ +2q- (5+ P)]
. +2¢° — (z+y)m? —2\% +ie (67
Mo % / L 2P +27+7 (@ +3) (67)
VT (2m)s — A2 + e
AP"P, + 29" By, + 4P"py, + 2¢"p, + 2P"q, + 4"qy D =x(m?+¢* + 27 P) +y[m* + ¢* + 2¢- (5 + P)]
(P +q)? —m? +i][(P + ¢+ P)* — m? + ie] +2¢° — (x +y)m? — 2\? +ie  (68)
(57)
. N . . D: 2 2 _ 2
M~ i3 E-/d‘* 2P + 25+ j (z+y+2)> +27 [yp+ (x +y)P) — 22> +ic (69)

Vo (2n)t — A% + e
AP2 4 4P -G+ 4P -5+ 27 5+ ¢* (58) D=¢*+27 [yp+ (1 —2)P]—2A* +ie  (70)

(P +)2 —m? +id[(P + 7+ §)? — m? +ie]

The on-shell momenta satisfy 8.3.2. Completing the Square

P?=m?=(5+P)? = 25 P=—p. (59)

b\° b?

My /d4 p+ZQ+2P) aw2+bﬂc+cza<x+_) +e—— (71)
271' — A2 4+ j4e 2a 4a
4P-q~|—2q.p+q —2p + 4m? (60)

[(P+q)2—m2+id[(P+q+7) —m?+if r—q, a—1, b= 2yp+(1—2)P], ¢ —ie—2z\* (72)


http://dft.uci.edu
http://dft.uci.edu/publications.php

3.3 My

Physics 523 HW 7

D= [q+yp+(1—z)] — A +ie (73)

A =202+ [yp+ (1—2)P)? (74)

A=z 4y +(1—2)2P2+2y(1—2)F- P (75)

A=2224+1—-2*m?* +yly+2z—1)p? (76)

A =202+ (1 - 2)*m? — zyp? (77)

3.3.3.  Shift Integrand

M —M/ldddé( fy+z—1)
V—(2)40 rdydzd(x +y+ 2
2F+2P) - k + k% — 2p? + 4m?
3
{[k:+yp+(1—z)] A+Z€i|
(78)

/ d'k A-(7 2k +2P)

G=Fk+yp+(1—2)P, k=q-yp—(1-2)P, dq=dk

(79)
2 1 S(z4+y+z—1)N
W/o dxdydz/d4 @A) o

N = A2+ (1—2y)g+22P][4m? + (22 +22—3) P2 + ¢
+(P—2-29)p* 20 +y—2+y2)P-5+2(1-y)q-F
(

.

+2(1+2)7- P

P =m? = 25 P=-—p? (82)

N = A [27+ (1 2y)5 + 22P)[(1 + 2)*m? + ¢
—(+y+z—y*—y2)p* +2(1— )7 p+2(1+2)7- P
(83)
N=A-27+ K)o +¢ +27-V) (84)

— )P+ (1+2)P
—(l+y+z-y*—y2)p’

K=(1-2y)p+2:P, V=1

o= (1+2)*m? (85)

2ie3 (!

M, = o) dedydzdé(x+y+2—1)
0

N

4
/d @ Aatip

. 3 1

MV:%/ dedydzdé(x+y+2z-1)

UW A )

— A+ ie)?

f

Odd terms integrate to 0.

- 3 1 o
My = 2ie” / dx dy dz/d4q5(x( —g y+z-UN
0 q

(2m)4 — A+ ie)3
(90)
N =4V, Ag"q" + (0 +P)A- K (91)
2ie? !
M = (27)4/0 dedydzé(x +y+2z—1)
N
4
—_ 2
/d @ arip P
2ie? !
= dxdydzo( -1
277)4/0 xdydzo(x+y+2z—1)
4V, qu”q +(o+)A- K
d4
/ ¢ — A+ ie)3 (93)
| use the identity (Schwartz Eq. B.51)
LoV 2
BTSN i / dp P 04
/ P ar =~ X PP (94)

where x = 1/4 and 4 is the number of dimensions. | use
X to track factors of 4, so that | can replace 4 — d when |
use DimReg.

2ie3
MV:W dedydzdé(x +y+2z—1)
WV, AN X + (0 + 2 VA K
d4
/ (g2 — A+ ie)3 (95)
2ie? !
MV:W/O dedydzé(x +y+2z—1)
4v . qu +(o+PA-K
4
/d — A +ie)? (96)
2ie® o [*
MV—WA'/O dedydzd(x +y+2z—1)
4Vxg® + (0 + *)K
4
R = el
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2ie3 - ! L 0@ +y+z—1DN
M, = (QW)4A./O dxdydz/dq @—D 1o
(98)

N =4Vx¢® + (0 + K (99)
N =K + W¢? (100)
W=4Vx+K (101)

K=0-2y)p+2:P, V=>01-yp+(1+2)P (102)

W =[4x(1—y)+1—2yl5+2[2x(1 + 2) + 2]P (103)

M Qiegﬂ/ldddé( fy+z-1)
= . T z26(x z—
v (27T)4 0 y y
N
dg——— (104
/ q(qQ—A+ie)3 (104)
2ie3 - !
M, = 74A~/ dedydzd(x+y+2z—1)
(2m) 0
K+ W¢
dig—2—1 "9
[t arig 0o
d4q q2
/(qz—A—|—ie)37 / q(q2—A+ie)3 (106)
2ie? - [* S o
MV:WA' dedydzd(x+y+2z—1)(cKI+ WE)
0
(107)
dq
- [ — 1
7 /(qZ—A—l-ie)Q (108)
E=9+(A—ie)l (109)
| take the ¢ — O limit in the numerator.
=E=J+ Al (110)
M Qiegﬂ/ldddé( ty+z-1)
= . X z T z —
v (27T)4 0 y y
(0K + WAL+ W.7] (111)
8.3.4. UV Divergence
A
JN/ @:In/\, A — o0 (112)
1 4
A
dg 1 1 1

& is UV divergent, but I is UV finite.

3.8.5.  Wick Rotation

M —Mj/lddd5(+ +2z-1)
v G Oxyzxyz
(0K + WAL+ W.7] (114)
dq dq
I= —_— = — (11
/(qQ—A—i-ie)?” 7 /(qZ—A—l-ie)Q (115)
d4p d4PE
=1 11
[osrm = Gitae 09
. d*gs : d'qs
R ey
3.83.6. IR Divergence
2ie3
My = (271_)4 (Th +T> + T3) (118)
— 1 —
T1:A~/ dedydzd(x+y+2z—1)oKI
0
1
ng/ﬁ/ dedydzd(z+y+ 2 — 1)WAI (119)
0
— 1 -
T3:A~/ dedydzd(z +y+2—-1)WIF
0
d4QE d4QE
I=—i | ———— =1 | ——— 12
v S G 0
W = fx(1 - y) + 1 - 2457+ 22x(1 + 2) + 2P (121)
o=0+2m* - 1+y+z—y>—y2)p
A =202+ (1 - 2)*m? — zyp? (122)

To test for IR divergences | set A = 0.

S(x+y+z—1)0K

1
Ty ~A- | dedydz | d*
! / v / T+ (1—22m? —ayp?P
(123)

1 mé 3 7
o ¢Co(zr+y+z—1)oK
Ty~ A | drdyd d 7
: / YL M= pm —agpP

d— 04 (124)
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An IR divergence can only occur when ¢ =z =y = 0
which implies, because of the delta function, that z = 1. |
need m in the upper limit for unit consistency because ¢ is
dimensionless.

5 1
T1~A-/d:cdy/ dzé(x+y+2z—1)
0 0

md 3 _1F
q°oK

d 125

/0 UET A2 —aypp (%)

s 1
T1~/ dxdy/ dzo(x +y+2z—1)
0 0

[(142)°m® = (1+y+2—y® —y2)p*]A- [(1—2y)5+22P)

md 3
q

12

/0 M T T —agpp (120

When power counting | canset A-f=A-P =m =p? = 1.

6 1
T1~/ d:cdy/ dzd(z+y+z—1)(1—2y+2z2)
0 0

Pyt P+ +y2)
5 5 3 (127)
0 (¢ + (1 = 2)? — xy]
5
le/ dx dydq (3 — 4y — 2x)
0
@2 —3x— 3y + 22+ y?+ay)
(128)
(42 + 2% +y? + 2y)?®
5 =
T, ~6 dxdyd - 129
' /o VU T2 ay)? (129)

) § 3
q
Ty ~ dx d d 130

@ T 3 a*
/de(mz—l—b) :4b(a2+b)27 a>0, b>0 (131)

1)
dx dy
T ~54/ 132
) AT A )
L[ 5 1
T, ~6 d d

! /0 x/o Y@+ 02 + a) (02 + 22 + 42 + 2y)?
(133)

x=ud, u=uz/6, u(0)=0, w(d) =1, dr=ddu

y=vd, v=y/d v(0)=0, v(d)=1, dy=ddv
(134)

1 1
T1~56/ du/ dv
0 0
1

135
(202 + 0202 + uvd?)(62 + w262 4 v262 4 uvs?)? (185)
56 1 du dv

T ~ — 136

1 g6 /0 (u? + v2 + wv)(1 4+ u? + v2 4+ uv)? (136)
T /1 du dv

~ =00
YU @@ wn) (1 u? + 02 + ww)?
(137)
Ty ~ 00 (138)

Even though § cancels out the remaining integral diverges,
so 11 has an IR divergence.

1 4
1 T qu
Ty~ A- ddd5++71WA/7
(139)
e . md q 3
To ~ A | dxdydzé -1HWA d
b /0 xdydz6(rx+y+z—1) /0 q(q2+A>
(140)

1
Ty ~ /T/ dx dy dz §(z+y+2—1)[2A2+(1—2)?m? —zyp?]
0

[[4x(1 = y) +1 = 2y]5 + 2[2x(1 + 2) + 2] P]

mé 3
q
d 141
/0 1 <q2 + 2224 (1 —2)2m?2 — xyp2> (141)

| am testing for IR divergences, so | can use x = 1/4,
because an IR test does not involve DimReg.

1
TQN/ dx dy dz §(z+y+2—1)[2A2+(1—2)*m> —zyp?]
0

A-[(2-3y)p+ (1+32)P
3

mo
q
d 142
/0 1 [qQ + 222 + (1 — 2)2m? — ayp? (142)

A= 0 (143)

1
Ty ~ / drdydzd(z +y+ 2z —1)[(1 - 2)*m?* — zyp?
0
[(2—=3y)A -5+ (1+32)A- P
mé q 3
d 144
/0 ! [612+(1—Z)2m2 el B

m=p*=A-F=A-P=1 (145)
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1
Ty ~3/ dedydzd(z+y+z—1)[(1 - 2) — zy]
0

q r (146)

(1—y+z)/06dq {q2+(1—z)2—$y

) 1
TQN/ dxdy/ dzé(z+y+2z—1D[(1—2)* — 2y
0 0

<1-y+z>/quh2+uqz>2J .

4
T N/o dz dy [(z + y)* — 2y)(2 — 2y — 2)

/06 4 [q2 + (z fy)Q - wy} 3 (148)

§
T, ~/ da dy (2 +y* + zy) (2 — 2y — )
0

4 3
q
d 149
/0 q<q2+x2+y2+ry> )

5
T2N2/ dz dy (2% + y* + zy)
0
5 q 3
d 150
/oq<q2+x2+y2+xy> (150)

5
Ty ~/ dz dy (2 + y* + zy)
0

é 3
q
d 151
/0 q<q2+x2+y2+xy> (15

a T 3 at
/de(;z:?er) :4b(a2+b)27 a>0, b>0 (152)

5 2 2
+y° +ay
T. ~54/ dzd <
U0 TV @ )@ 2 )
(153)
T 54/6 de dy (154)
0o (P a? g ay)?

x=ud, u=2x/§, u(0)=0, u(d)=1, dr=ddu
y=uvd, v=y/d, v(0)=0, v(§) =1, dy=ddv

Ty o 56 /1 du dv
? o (02 +u262 + v262 + §2uv)?

56 1t du dv
Ty ~ — 157
2 64/0 (14 u?+ v+ uv)? (157)
Ty ~ 62 /1 dudv (158)
2 o (IL+u2+4v2+uw)?

1
dzx dy 2 5
= — t| — | =~ 0.37
/0 (1+ 22 + y? + zy)? \ﬁaco (\ﬁ)

(159)
Ty ~ 62 ~ 0, §— 04 (160)
Ts is IR convergent.
!
T3~A~/ dedydzé(zx+y+2—1)
0
N mé q3
Ax(1—y)+1-2y]p+2[2 1++P/ dg———
[ —y)tl-2ypt22x(1+2) 2 P] | darg
(161)
50y, y=1/4 (162)
!
T3~A~/ dedydzd(x+y+2z—1)
0
. mé qd
2-3y)p+ (1+32)P dg——— (163
=3+ (03P [ s 163)
A =202+ (1 - 2)*m? — zyp? (164)

1
15 ~ /Y/ dz dy dz §(x+y+2—1)[(2—3y)p+(1+32) P]
0

q3

mé
/ dq— 2 2,2 272
0 [¢% + 222 + (1 — 2)?m? — xyp?]

(165)

A0 (166)

1
T3~/ dz dy dz 8 (z+y+2—1)[(2—3y) A-+(1+32) A-P]
0

md 3
q
1
/o YT i —agpe 160

m=p*=A-p=A-P=1 (168)

1
T3~3/ dedydzd(z+y+2z—1)(1—y+2)
0

) q3
/o YA e U0
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1
T3~/ dedydzo(x +y+2z—1)(1—y+=2)
0

5 qS
d 170
|| gy 070
§ 1
TSN/ d:cdy/ dzo(z+y+z—-1)(1—-y+=2)
0 0
) q3
d 171
| i e 0
) 5 3
(2 —x —2y)
Ty~ | dedy | d 172
° /0 y/o TP+ + ) (172)
) 4 q3
Ts~2 | dedy | d 173
’ /oxy/o Erergray P
) ) q3
Ty~ [ dedy | d 174
’ /0 xy/o TP+ P+ ) (174)
@ 3 a?+b a?
2 do—"— —| - b>0
/0 @2 )? "( b ) 210 @
(175)
) 2 2 2
Tgw/ dxdyln<6 tr Aty J”Cy)
0 z? +y? +xy
)
dx dy
— 52 176
/052+m2+y2+fcy (7o)

x=ud, u=uz/d, u(0)
y=vd, v=y/ds, v(0)

=0, u(d) =1, der=ddu
=0, v(6) =1, dy=ddv

(177)
1 24 .2
1
T3~52/ dudvln( Tty ““’)
0 u® + v° +uv
1
du dv
— &2 178
/01+u2+v2—|—uv (178)
1 24 .2
1
/ dxdyln( trty +xy) ~ 1.04,
o 2 +y? + oy
1
dzd
/ Y ~058 (179)
o l+z°4+y*+ 2y
Ts ~ 6%C =0, §— 0,4 (180)

C is a constant. T35 is IR convergent. Only T} has an IR
divergence: it is the only term | need to track in detail.

3 3

2ie 2ie

Ty + T3) (181)
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| group the IR convergent terms together (their details don't
matter for this problem).

T, + T
U =i 28;:4 3 (182)
ie3 3
MV = @Tl +e 4 (183)

3.3.7.  Isolate IR Divergence

1
lef_f'/ dedydz8(z +y+ 2z —1)oKI (184)
0

o= 1+2"m* = (L+y+2z—y* —y2)p,
K=(1-2)7+2zP, A=2\+(1-2)>m?—ayp’

(185)
I= / ﬁ 2 = ()2 + (") + () + (¢*)?
(186)

In Sec. 3.3.6 | showed that the IR divergence occurs near
r=1y=¢% =X=0. | need to isolate this region. Using
spherical symmetry and my Real Scalar Field Notes | write

o 3 0o 3
. T r
ZI[—/dQA dr(ﬂ—l—A) —Q/O dr(r2+A> ,
(187)

where Q = 272 is the surface volume of a unit 3-sphere.

[e%s) 3

e 2 r
z]I—27r/0 <r2+A)

3
i r 1
/0 dr<r2+A) T

This integral diverges for A < 0. And in Eq. 185 it appears
that some values of zyp? can turn A negative. But we are

working in the IR divergent region near x = y = 0 and we
can always make this region small enough that

(188)

A>0 (189)

A2+ (1—2)%m? > ayp? = A>0. (190)
| write
2
im
I~—— 191
i (191)

where ~ in this section means: exact in the IR divergent
region.

. 92 1
le—%A-/ dodydz(x+y+z— 1)K~ (192)
0

B[
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2 1 1
T1~7T—,A~/dxdy/ dzé(x+y+2z—1)
21 0 0

om0 +2)Pm? = (L +y 42—y —y2)p?
1-2 922P
I y)p+22P] 222 + (1 = 2)2m?2 — zyp?

(193)

1

dedydz f(x,y,2)0(z+y+2—1) =
0

1 1—x
/ da / dy f(a.yl—a—y) (194)
0 0

Here and in Sec. 3.3.6 | am only interested in the region
near z = y = 0 so | need the simpler identity

5 1
/ dxdy/ dz f(z,y,2)0(x+y+2—1) =
0 0

&
/ dedy f(z,y,1 — 2z —y), 0 —04. (195)
0

2 é
TlN%A./ drdy[(1—2y)p+2(1 —z —y)P]
0

(2—2z—y)*m® — (2 -z —y+ay)p’ (196)
(I =z —y)A* + (z +y)*m? — ayp?
x = X9, y=Y$ (197)

w262 o 1

T~ = A | dXdY [(1—26Y)5+2(1—6X —6Y)P]
0
(2-0X —6Y)?m? — (26X — §Y + 62XY)p? (198)
(1 —0X —0Y)X2 +62(X +Y)2m2 — 52X Y p2
Ty ~ —in?862A - (54 2P)(2m? — p?)
1
dX dy
/ 2 2 2,2 2 2 <199)
0 A2432(X +Y)2m2 - §2XYp
Ty ~ i A P+ 2]3)(}92 —2m?)
! X dY
dX d (200)
o (A2 4+ (X +Y)2m? - XYp?
p? A /1 dX dy
c=+—, L=", I, =
m? mo 0 24+ (X+4+Y)2—-cXY
(201)
Ty ~im? A (4 2P)(c - 2)I (202)

IR problems are difficult because there are two limits, §, A\ —
0.4, and their order matters. We isolated the IR divergence

11

inside I;. This divergence can only exist at X =Y =L =
0, which implies L — 04: thus we take A — 0 first.

w/2 1 r
]I ~
L /0 d¢/0 O T XY =XV

X =rcos ¢, Y =rsin¢

(203)

| integrate over the quarter circle enclosed by the original
domain: | can throw away parts of the domain as long as
| keep the IR divergence, which is the only thing | track in
detail.

w/2
I N/ do
0

1
-
/0 dTL2 + 72(cos ¢ + sin @) — cr? cos ¢sin ¢ (204)
/2 1 r
I ~ /0 do /O o (205)
f(@®) =1+ (2—c)singcos (206)
_ 7 _In[L? 4 f(¢)r?]
A0 = [ o ey D
/2
L~ [ dolR() - R(O) (208)
0
/2 /2
I ~ do R(1) — doR
i~ [Casr - [ asr0) o)
L n[E2 4 f(9)] In(L2) 72 dg
sl g e )
w/2 d(yb
(c) = /0 14+ (2—c)singcos¢ (211)
1" (L2 4+ f(9)]
I 2/0 O ®(c)InL (212)
I make the limit A — 0 explicit.
: T2 In[L? + f(9)] -
Li~glim | do——gr == —@(c) lim InL
(213)
n/
ey 2d¢'”;{f£” — () Jip L (214)

| ignore the IR finite term.

I, ~—=®(c) lim InL = —®(c) lim In <>\5> (215)

A—=04 A—=04 m
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I ~ —®(c) lim In

A—=04

(2) +®(c)nd  (216)

The Ind term diverges as 6 — 0. But § terms are created
in pairs by splitting integrals, fooo = f06 + [57, so they will

cancel out in pairs.
A
m

Ty ~ —im?®(c)A - (F+ 2P)(c — 2) lim In

A—=04

I, ~—=®(c) lim In

)\*}04_

(217)

(2) (218)

| restore the IR finite pieces and make the limit A — 04
implicit.

Ty = —ir?®(c)A - (5 + 2P)(c — 2)In (ﬂ:) v (219)

3.83.8. Final

e3 - - A 3
(220)
3.4. Final
M =My + Mo+ My (221)
Mo =—e(F+2P)-A (222)
My = U (223)
e’ - - A 3
My = —2@(6)14- (F4+2P)(c—2)In | — | +e’% (224)
8w m

3

e - A

(F+2P)(c—2)In (m> +eu

(225)

3.5. Simplify

Eq. 225 is exact, but too complicated for a homework.
We will simplify it. We ignore the IR finite parts, since they

12

will not affect the IR divergent part of the cross section to

the order of interest.
A
— 226
(2) @0

Also | assume the 4-momentum transferred to the scalar par-
ticle is spacelike, p? < 0. Then the assumption in Eq. 190
is trivially satisfied. Spacelike momentum transfer would
happen, for example, if the external electromagnetic field A
was purely magnetic: then it would only change the parti-
cle's direction, not its speed. With p> < 0 = ¢ < 0 we
can integrate ®(c) analytically.

LZ@@)E- (F+2P)(c—2)In

M= Mg+
8w

B 1 . c—2—+/(c—4)c
(e = (c—4)c| L—2+\/m1 (227)
M = Mo+
@ A-(F+2P), |c—2—/(c—4)c A
872 (c—4)c " c—2—|—\/(c—4)c‘| (c=2)in (m>
(228)

| assume the momentum transfer is large: |c| > 1.

lim In | CZ22VETD e o0 = 20n(—0)
cr—c0 | ec—24/(c—4)c
(229)
B e A-(p+2P) A
M = MO + ﬁTZCIn(—C)In (m) (230)
M= Mo+ S B G 2P)n(—oim (2 (231)
T Y2 || P M=o\ m
C
‘- 232
M= My— Aot 2B () (233)
T 2 b AL P

3 2
M= Mg — 46—2/1 (7 + 2P)ln (-f%) In (A> (234)
My = —e(f+2P)- A (235)

M 2 p? A
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4. BREMSSTRAHLUNG S-MATRIX
iMe = 38[1] +8[2] +¥[3] (237)
The diagrams are in Figs. 10-12.

—

g[1] = ie[-P — (

o, (@k—p-2P) A . - .
FIG. 10. ¥[1] g[1] = —ie P2z 2B o2 (k—2P)-€*(k) (240)

We can’t forget the fictitious photon mass A.

P =m? k2= )\2 (241)
gl =i (Qk;z]i;; . /); Lep-R.e®)| @)

+
ie[—(F+ P)— (P+p—Fk)]-e*(k) (243)

(k—25—2P)-&* (k) (244)

=i (k25— 2P) - &* (k) (245)
FIG. 11. $[2] p?+2p-P

(246)
g =i L2 A b o5 9By e
2% - (F+ P) — N2

(247)

8[3] = 2ie’n" e, (k) A, (248)

%[3] = 2ie?e* (k) - A (249)

M, = 2| BEP=2 Z’A(Qﬁ_l%')JrzA
A2 —2P .k
(F+2P)- A

FIG. 12. §[3]

13
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4.1. Soft Photon Limit
The emitted photons are soft (low energy-momentum) so

| cantake k — 0 => A — 0in Eq. 250, as long as | don't
change the IR divergence structure.

P P A,
——— - — p+q (P+2P)- A+ A
2P - k— X2 2k-(p+ P)— )2
(251)
k= (E,k), = k]2 + )2 (252)

| assume |k| ~ A: the two are similar in magnitude. This
implies |k - P| > A2,

My—e | (Lo _PEP (F+2P) - A+ 24| (k)
P-k k-(p+P)

(253)

Mo =—e(F+2P)- A (254)
My = e |26 Mo [ Lo - PEP V1 ey
Pk k-(5+P)

(255)

5. KINEMATICS

| set up the kinematics to simplify the cross-sections. The
initial momentum is
P = (Ep,P)=(Ep,0,0,P.), Ep = /P2 +m2, P, >0.

(256)
The momentum transferred with the field is

7= (0,p).

Since | assumed p' is spacelike | can, without loss of gen-
erality, choose a frame where p° = 0. The final scalar
momentum is

(257)

K = (Ex,K), Eg=+|K]2?+m2 (258)
The emitted soft photon momentum is
k=(E.k), E=+]k??+A. (259)
6. LOWEST ORDER DECAY RATE
Mo =—e(F+2P)- A (260)

14

Ais actually the Fourier transform of the electromagnetic
field; it can be complex.

(261)

(262)

FromFig. 4 K =+ P = j
= *|(K + P)- 4
(263)
My describes a 1 to 1 scattering process; the momentum
exchange with the external field is not a particle. | cannot
use Schwartz's 2 to n cross section equation. | can use
his decay rate (Eq. 5.24). The decay rate and cross sec-
tion are proportional. | will demonstrate the IR divergence
cancellation with decay rates instead of cross sections.

IMo|> = ¢*(K + P) - A(K + P) -

|M0|2 dsK (27‘()4

_ WP i ik
dro = Sp. O om0 (PP K) (264)
drg = TMol oy WP +p—K)  (265)
2EpEK
s |M0|2 = - -
Ip=— | PKEL6W(P+5— K 2
o= g | PKEESOF - R)  (260)
2
Tp=— /d3 g Mol 25O (P4+p—K)§(Ep +p° — k)
2Ep Eyg
(267)
p° =0 (268)
™ |Mo|?
Ip=-— | PK=L6C0(P +p—K)S(Ep — E
0= g1 | PGP 4 K)M(Ep — B
(269)
2 % D) . A2
I /d3K|(K+P) A
2Ep VIKZ+m2
5P +p— K)o (Ep — VK] +m2) (270)
_ 7T€2/ 5 |[(Bx, K) + P] - A2
Ty= PK
2Fp |K|2—|—m2

5@ P +p—K)j (Ep VKPP T m2) (271)
VIKP +m?, K) + P A]?

d3
25y / N
5P +p—K)o (Ep VK + m2) (272)
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2 (/[P +pP +m2,P+p)+ P AP

F =
° 7 2Ep VP +p[? +m?
) (Ep —VP+p2+ m2) (273)
= VI[P +p[2+m? (274)
_ (&, P +p)+ P AP6(Ep — &) (275)
0 — QEPéE 5 p P
P = T (P +j+P) A26(Ep— &)  (276)
0= 9EpE 2 P
Ty = 1 |(5+ 2P) - A?6(Ep — &) (277)
0= ompe P P
(Mo|? = e2|(p + 2P) - A? (278)
_ Mol
Po= "% §(Ep — &) (279)
7. 1—1DECAY RATE
e2 p? A
M2 = Mo |1+ —l s A (281)
0 2 m

MP? = |Mo|2[

o () ()
;»n<—m2>'n<;)] 252

| only want the leading order IR divergence and drop all
other terms.

_|_

2 A
M = \MoP < (—pz) In <> (283)
m m
To= 5 /d3 [ Mol* O (P +p—-K) (284)
P K
r= 2Ep/d3 ‘M| L sW(P+p— K) (285)
62 p? A
[ Ml s o e
2EP/dK PP+ —R) (256)
e? P> A
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8. BREMSSTRAHLUNG DECAY RATE

8.1. |Msgl?

P (288)

Pk k-(5+P)
My = e(2ed — MyJ) - &% (k) = e(2e A% — Mo J¥)e’ (F)
(289)
M = e(2eAP* — MJP)es (k) (290)
M| = MM (291)
IMg|? = €2(2eA% — Mo J*)(2e AP — M5T%)ekep (292)

IMy|? = e2[4e2 A% AP* — 2e(A* MJP + AP* MoJ®)

+ |Mo2TTPetes  (293)
| drop the IR finite term.

|MB|2 _ 62

[[Mo|2T*T? — 2e(AMGT® + AP* Mo J¥)]ehes  (294)

8.2. Polarization

(IMz]*)? = e?

[IMo|?T*T% = 2e(A“MGTP + AP* Mo J*)|esres  (295)

Here s is the polarization index, which | have suppressed up
to now. | sum over final polarizations

o =) (IMal)? (296)

o = | Mo|2TTP — 2e(A° M5TP 4+ AP* MoJ?)]
2

> ey (297)
s=1
From Schwartz Eq. (13.110)
S* —» s —» p pI/ +p pl/
>l @) () =S
s=1
p# = (Ea p)7 p# = (E7 _p) (298)
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Because My, satisfies the Ward identity, this simplifies to

2
S e @) F) = —nuw- (209)

My expression for |My|? (Eq. 294) appears to violate the
Ward identity, but that's only because | have ignored IR
finite terms.

o = e2[2e(A° MGJP 4+ AP* Mo J*) — |[Mol? T T ap

(300)
o = e22e(MGA - J+ MoA* - J) — [Mo|?T-J] (301)
o = e*2e(MEA - T+ MoA* - J) — [Mo|?J%]| (302)

8.3. Grouping Decay Rate Terms

o BPKdBk 1

Ty = om) WP +p—k— K
s = S py @y aBeE ™ 0 (PHP—k=K)
(303)
dr.. = M(g(‘l)(ﬁ_,_ 7—k—K) (304)
BT 39m2EpExE P
r /d3Kd3kd5(4)(ﬁ+ﬁER) (305)
" 32m2EpEx E
o = e?2e(MEA - T+ MoA* - J) — [Mo|?J?]  (306)

F *g Jj — g —
327 22_2 Ud3Kd3 /E\/;EK;54)(P+17—IC—K)

A L
/d3Kd3 Mo ‘]5<4>( —Hﬁ’—k—K)}

EpExE
Mo |202 -
_ 3K A3k Mo @ (p —k—-K
/d P OB - F - R) (307
Mo = —e(5+2P)- A (308)

M does not depend on K so | take it outside the integrals.
| can write it in terms of K, like | did in Sec. 6, but that
will only make the algebra longer.

— =

32%2% — % {MS /d3K &k EfEi'KJE
AT
EpExE
SO(P 45—k —K)J?
EpExE

+Mo/d3Kd3k S(P+j-k—-K)

— |Mol? / dK dk (309)

5V (P+j—k—K)
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= VIk[2+ A2, Ex = /|K[2+m?, Ep=+/P2+m?
(310)

r AT 5 o =~ =
32w2Ep?§ =2e [ME‘) / K d*k mé(‘*)(P—i—ﬁ—k—K)

AT
3 3
+Mo/dek7EE

K
SN(P+j5—k—K)J?
_ 2 3 3
| Mo| /d K &k EnE (311)
r
32772Epe—§ =2e(MyT + MoT*) — |Mo*T  (312)
F *
327r2Ep?§ = 4deRe(M};T) — | Mo*T (313)
T = /d3Kd3 4 };6(4)(P+p k—K)
o ipe Y
_ 3 13 +p—k—
T= /d K &k ErE
@ (p K)J
/d3Kd3 +P—k-K)J? (315)
EV|KP +m?

J25G) (P ~-k-K
T:/d3Kd3I<: (P+p )(5(Ep—|—p0—E—EK)

E/|K|? + m?
(316)
P’ =0 (317)
J2H(P+p-k—-K)
3 3
/de N 5(Ep — E — Fk)

(318)

T:/d3Kd3kJ26(3)(P+p_k_K)
E/IK|? +m?
(EP—E \/|K|2+m2) (319)

J25<EP—E—\/|P+p—k|2+m2>
T:/d3k
E\/P +p — K[> + m?

(320)
f(k)=Ep—E—+/|P+p—k[Z+m?2 (321)
20[f (k)]
/ds E\/|P o e (322)
[ AT 5[ (k)]
y7/d kE\/|P+p—k|2—|—m2
(323)
T2 f (k)]

T:/d?’k

E\P +p -k +m?


http://dft.uci.edu
http://dft.uci.edu/publications.php

8.4 IR Power Counting Physics 523 HW 7

(335)

8.4. IR Power Counting 7 /d3k5(EP - \/|k|2 + A2 — \/‘P +p - k|2 + mQ)
VIKZ + 2 \/P+p — K + 2
1 1
327T2Ep% — deRe(M3.T) — | Mo[?T (324) P-(VKP+X k) (VKP+IK)- (5+ P)
A-T6[f(k | set A — 0.
E\/IP+p—k[2+m?2

VIKEV/P +p — K + m2
1 1

P-(VKR k) (VIKP.K)-(5+P)

_ [ J?0[f (k)]
T_/dkjE\/|P+p—k|2+m2

E=Vk2+X, Ep=+/PZ+m? (326)

f(k)=Ep—E— /[P +p—Kk[>+m? (327) yw/dgka(Epuq¢|P+pk|2+m2)
k|\/|P +p — k]2 +m2
I 5+ P
R (328) - L
Pk k-(p+P) P (kL k) ([k[,k)-(7+ P)

The integrands in Eq. 325 diverge when k=0 = A=0.
This is the IR divergence. There could also be a divergence

2R = (Ep — k| — P — k|2 2
if P-k=0. In the rest frame of P 9N/d3k(P K = vIP+p — kP +m?)
o ) k|/P +p — k|2 +m?2

P-k=(m,0) -k=mk’ =m/[|k]2+ )2 >0. (329

1
10) is [(EpyP) (k| k) ([, k) - (0,

p)+ (EP7P)]]

So Pk # 0. The final scalar momentum (Fig.
P+ P — k. Repeating the argument above yields

k-(p+P—Fk) >0. (330) yN/dgk(S(Ep—|k|—\/|P+p_k|2+m2)
[k[\/[P +p — k[ +m?

This implies 1
E-(+P)—k =k-(5+P)= X >0 = k-(5+P) > \% [(ERP) (k| k) (k| k) - [(0,p) + (EP7P)]]
(331)
So [k - (5+ P)]~! can't diverge either. The only possible IR
divergence is k — 0. T~ /dsk‘s(EP — k| = VIP +p — k[ +m?)
kI[P +p — kP +m?

7 /ds (Ep — /K[> + X2 = /[P + p — k]2 +m?) { 1 ]
VIK[Z+ X2/|P + p — k|2 +m? (Ep,P)- (k| k) (k|,k)-(Ep,p+P)

{ r_A <p+{)) (332)
PR E+P) 7~ [P FD R s
When power counting | take A-P — 1 & A- P+ ]3) |k|\/|P+pk|21+ m?
yN/dg,ké(Ep—¢|1<|2+A2—¢|P+p—k|2+m2> e HRE G
VIk[2 +A2/[P +p — k]2 + m?
1 1 B 1 _)i
i toip| Erk Pk Eplk k- (p+P) ||

P=(Ep,P), 5= (0,p), k= (B k) =(/[k?+X k) yw/dgk(F(Ep—kI—JIP+p—k2+m2)
(334) k|>/[P +p — k[ +m?
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(325) yN/dsk‘S(EP_\/W_\/|P+P—k|2+m2)

(336)

(337)

(338)

(339)

(340)

(341)

(342)

(343)
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| take k — 0 because that is the region | want.

5(Ep—/PFPE 2
k[>V/[P +p|* + m?
5(Ep— /[P FPE 12
k|?
5(C) d3k d3k o k2
3 = —_— —_— _—
7 [ =00 [~ [ )
(346)
C does not depend on k.
[e'S) 5
ﬂw/ alkrv/dkzé7 6 — 04 (347)
0 0
T is IR convergent.
2
k
T:/d% Tl ()] (348)
E\/P +p —k[2+m2

. /dgkwp ~ VPR - /P ip kP m?)
VK + X2/|P +p — k[ + m?

(349)
VK2 +A2/[P + p — k]2 + m?

(350)

1

2 —_—
e

(351)

S(Ep — k]2 + A2 - \/|P +p — k]2 +m?2)

kP Ik + X2/IP +p — K+
(352)

’]I‘N/d?’k
T /d3k5(Ep|k|\/P+pk|2+m2)
k[>\/|P + p — k[? + m?

,\/ﬁ

(353)

k[*\/|P + p|* +m? k[?
(354)
d3k A3k k2  dk
T ~d6(C —~ [ —= ~ dk— = -
SN0y A R AR A
(355)
1
dk
T ~ — = —Iné, 0 — 04 (356)
0
T has an IR divergence.
r
32n2Ep6—‘; = 4eRe(M}T) — [IMo|*T (357)
| ignore IR convergent terms.
€2|M0|2T
r,=-——+-- 358
° 32m2Ep (358)

8.5. Isolate IR Divergence

e*|Mo|*T
To =~ (359)
k
T = / &k Olf (k) J? (360)
E\/[P+p -k +m?
f(k)=Ep—E—/|P+p—k[2+m?2 (361)
. P 7+ P
J=——=—= . E=KP2+X (362
Pk k-(7+P) a (362)
J=J-J (363)
[ P i+ P |
I (R S U ok (364)
Pk k-(5+P)
- 2 r N 2 - -
g2 _ P n p+ P 2P 7+ P
Pk k- (5+P) P-k k-(5+P)
(365)
o P? N (F+P)? 2P (5+7P)
(P-k)?  [k-(F+P)? (P-k)k-(p+P)]
(366)
P qp‘i +p2+P2+2ﬁ P 425‘{”2}32#
(P-k)? [k-(@+P)*  (P-K)k- P+ P)
(367)
P? = (P4+j—k)? =m? = 2P = 2k-(5+P)—p*—\2.
(368)
72 m2 +p2—|—m2+2p P 2P - 5+ 2m?
(P-k)? [k (pP+ P)]? (P-k)k-(p+ P)]
(369)
g2 m? +p2+m2—|—2k: ("—l—ﬁ)—pQ—)\2
(P k)? [k (p'+ P)J?
2k - (F+ P) — p? — A2 4 2m2
3 (pi- q) i A+ 2m (370)
(P-k)k-(p+ P)]
2 2 _ )2 2 2
g2 _ _'m_' m_a A P _
(P-k3? [k-(P+P)* k-(p+P) Pk
2 2 _9m2
I k. S LTS
(P-k)k-(p+P

18
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| know from Sec. 8.4 that terms with only one power of k
in the denominator are IR convergent. | ignore these.

2 m2 — \2 P2 4+ 22— 2m?

P GrPPR PO (1 D)

J? =
(P-k)?
(372)

In the limit A2 < m? < —p? — o0

P=(Ep,P), 7=(0p), k=(EK

P.-k=(Ep,P)-(E,k)=EEp—k-P

-

k-(7+P) = (E,k)-[(0,p)+(Ep,P)] = (E,k)-(Ep, p+P)
=EEp-k-(p+P) (376)
2 m? m2
7= (EEP_k'P)2 + [EEP—k-(p+P)]2
p2
+ (EEp —k-P)[EEp — k- (p + P)] (377)
_ [ S[f ()] ,
_ 3 §(EP7E7\/|P+p*k|2+m2)
T_/dk E\/[P+p -k +m?
4 (379)

" {EEr _k P)[EEr k- (p 1 P)]

T= /d3l<;6(

(380)

T:/d3k

Ep— kP + X — /[P +p — k[’ + m?)
VK[ +22/[P +p — k] + m?
m2
{(Ep\/kl2 +A?—k-P)?
+ m”
[Ep/Ik[?+ X —k-(p+P)]?
PEpVkP+ M3 k- (p+P)
(Ep/ K2+ X2 -k -P)
S[Ep — VK2 + 22 — /(P +p — k)2 + m?]
VK2 + 22 /(P +p —k)2 +m?
m2
[(Ep\/kz + A2 k- P)2
m2
EpvkZ+ X2 k- (p+P)>2
P[EpvKZ+ 22—k (p+P)]!
(EpVKZ+ X2 —k - P)

1

+

(381)

| introduce spherical coordinates.

k = kr, t = (sinf cos ¢,sinfsin ¢, cosf)  (382)
27 T e’}
11‘:/ d¢/ desina/ dk k*
0 0 0
S[Ep — VK2 + 22— /(P +p — k)2 + m?]
VK2 + 22 /(P+p — k)2 +m?
e
(EpvkZ+ X2 —k-P)?
m2
+
EpVIE+ 22— k- (p+ P)?
2E /k2 A2 — k- P -1

(EpVK2 + X2 — k- P)

Don't confuse k2 = k2 for k2 = k2. Context will distinguish
3 from 4 vectors.

2m ™ o]
’]I‘:/ dgb/ do sin@/ dk k?
0 0 0

S[Ep —VE2+ X2 — /(P +p — k)2 +m?]
VE2+X2/(P +p — k)2 + m?
2

m2
[(Epmk~P)2

m
EpVEZ+ X2 —k- (p+P)]?
N P [EpvVE2Z+ X2 —k- (p+P)|!

i

384
(EpVE2+ X2 —k - P) (384)
27 s mé
T:/ d¢/ desine/ dk k*
0 0 0
S[Ep — VK2 + X2 — /(P +p — k)2 +m?|
VEZ+22/(P +p — k)2 +m?
v
(EpvVE2 + X2 —k - P)2
+ m
[EpvVE*+ A — k- (p+ P)]?
2AEpVEE + X2 — k- P)|-!
| PIERVEE 4 P50, (385)
(EpVE2+ X2 —k - P)
| ignore the IR convergent part (md < k < o).
k=Xr, k=ki=Arf=2Ar, dk=M\dr, r=-=,
r(0) = 0, r(mé)z%(s:p (386)

19
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2w T p
T:AS/ d¢/ do sino/ drr?
0 0 0

S[Ep — VT N2 — /(P +p— Ar)2 + m7
VA2 £ A2 /(P + p — Ar)? + m2

2
m
|:(EP\/)\27'2 + A2 —r-P)2
+ m
[EpVA2r2 + X2 = Ar- (p + P)|?
L PEVRET IR - (p P)]l] (387)
(EpvVA21r2 4+ X2 = Ar-P)
A>0 (388)
2m
T = F do d9 sin 6 drr
0 0

6[Ep—)\\/r2+1—\/(P+p—)\r)2—|—m2]
V2 +1/(P +p — Ar)2 + m?

2 m2

- [EpvVr2+1—r-(p+P)?

m

[(EpmroP)Q

p2
BT o P)EpV T 11 <p+P>(J )
389

2 T P
’I[':/ d(;S/ df sin9/ drr?
0 0 0

S[Ep —MWr2+1—/(P+p—Ar)2 +m?|
VIZ+1/(P +p — Ar)2 + m?

m2

- [EpvVr2+1—r-(p+P)?

m2

{(EP\M’Q +1—r-P)2

p2
+<Epm_r.P>[Epm—r-<p+P>(J |
390

The proper order of limitsis A < § = p — oco. The IR
divergence is near the upper bound p (it has to be where \
is). Then

A~ pA = %5A=m5—>o+. (391)

So | set A to 0 in the integrand of Eq. 390. This changes
the IR finite part, but not the IR divergence—which is what

20

| want.
27
T:/ dqﬁ/ d951n9/ drr?
S[Ep — /(P +p)? +m?]
\/r2+1\/P+p + m?2
2 2

m

{(Epm—rP)?

m

* [EpVr2+1—r-(p+P)]?

p2
* T BT )

(392)
S[Ep — /(P 2 2] [om i
7= - V(P+p) +m]/ d¢/ d6 sin 0
(P +p)?+m? 0 0
p 2
/ -
0 VrZ4+1
m2 m2

(Ervim+1—1-PP B/ 411 (p+ PP

p2
* (Epm—r-P)[Epm—r'(PJFP)(J )
393

In Eq. 274 | define & =

5(Ep — &)

27 T P T2
d / df sin 6 / dr ———
& /0 ¢ 0 o Vrz41
{ m?2 m?

(Erv?+1-1-PP | [EpV? +1-r-(p+P)P

T:

p2
T BT I —r P EsvViEE o1 (p+P)(J |
394

5(Ep — &)
&

2m T P 2
\I/:/ d¢>/ d@sin@/ dr
0 0 0 Vre 41
2

T = v (395)

r2

[(Epm—r-w BT o1 (p+ PP

2

p
+
(EpVr?+1—r-P)[EpVr?+1—r-(p+P)]
(396)
| power count.
P2 m2 m2
U~ / dr [ +
(Ep —[P))>  (Ep—|p+P|)?
»?
(397)

T Er =P (Er—p+ P))
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2 m2

+
(Ep —[p+P|)?

m
Ep — [P])?

p2 P@
T G P (Er - |p+P|>] IR

P dr

1 T

‘“[(

U~ =Inp (399)
As | said: the IR divergence is at r = p — co0. To extract

it, | expand the integrand for large 7.

2m i P ’I“2
\I':/ dqi)/ db sin@/ dr—
0 0 0 r

2

[(EPTI”'P)2 - [Epr —1-(p+ P)J?

p2

T Epr—r P)Err—r- (p+P)]

27 ™ P
\I/:/ dgb/ d@sin@/ drr
0 0 0
2

[(Epr—r~P)2 + [Epr —r- (p+P)]?

p2

(Epr—r-P)[Epr—r-(p+P)]

] (400)

n (401)

w— / " e rimZos (1) + mPs () + P (402)
0

2 4 sin 0
e A
27
Yo (r) :/ d¢/ do

sin 0
[Epr—r- (p+P)]?

27 sin @
Y(r) = /0 d¢/0 do(Epr —r-P)[Epr—r-(p+P)]
(403)

27 “ sin 6
o= e | e o
P="P.sz (405)
27 ™ sin 6
L= /0 d¢/0 a6 (Epr —rP.t-2)? (406)
27 ’T sin 0

P2 = /O ds /O Wegr—paap 407
t-2=cosl (408)

21

2
0
290 = [ d / dg—mb 4

T / ¢ (Ep — P, cosf)? (409)

T : 0

2 — 9 / e 41
=2 0 de(Ep—PZcos@)2 (410)
Ep =+/P2+m? (411)
g sin 6 2

/0 Wi = 0<ll<lal @12)
0< P, < Ep=+/P2+m? (413)
i = PRSI (414)

TR PR

4r
(R W (415)
27 T :

sin 0
= d do 416
O A o= o

27

2. sin 6

’l"’(ﬁg—/ dqb/ doEp—r CENDE (417)

This integral is invariant under rotations: | orient the z-axis

sothat p+ P = |p+ P|z.
27 T 3
9 sin 6
ot T e - B C
27 s .
0
200 = | d / 9 e 41
Pin= [ a0 [ 0 g (19

The Dirac delta function in Eq. 395, 6(Ep — &), implies
Ep=6.

sin 6

Zipy =2 /7r d 42
e T 0 (& —|p+ P|cosh)? (420)
0<|p+P|<&=+(P+p)?+m? (421)

47
R — 422
5%y 2 (p 1Py (422)
47
Y2 = m2r2 (423)

o ™ sin
z/J(r)—/O d¢/0 de(Eprfr.P)[Eprr'(p+P)]

(424)
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I T sin 0
vir) = /0 dd’/o W Epr — 1% P)[Epr — 1% - (p + P)]
(425)
27 ™ .
9 _ sin 0
0= [ [ e e
(426)
| introduce Feynman parameters.
A=Ep—-1-P, B=Ep-1t-(p+P) (427)
2 T sinf
r2(r) = /0 dqs/o =5 (428)
1 ! dx
AB /0 A+ (B= AP (429)
1 ! dx
TR e

) 27 T 1 dx
ré = d / d081119/ —
v=| s o [Br—t-(P+ap)P

(431)
2 = / d / o de / df sin 0 (432)
X
Ep —t- (P + ap))?
| orient the z-axis along P + zp.
27 T .
0
r2 dx/ do | do o _
v= 0 ¢ (Ep —t-|P +xplz)?
(433)
1 27 T :
sin 0
r2:/dx/d/d9 — —
v 0 0 ¢ 0 (Ep — |P + xp|t - 2)?
(434)
1 27 s .
9
2= [ d / d / d9 —
Ty /0 v )9 O T+ aplcos0)
(435)
2 =2 /1d /ﬂda sin 0 (436)
Ty M ) T Er — Pt apcos6)?
| show that
P +2p| < Ep. (437)
|P + zp|? = P? + 2%p? + 22P - p < E?%, (438)
E% =62 — P?=(P+p)? = 2P-p= —p? (439)
P? + 2%p? — xp® < E% (440)

P? - 2(1 —2)p® < E% (441)
Intherange 0 <2 <1
—J2(1 - )|p? < E} (442)
P? < E% + |z(1 — x)|p? (443)
P2 < P2+ m? + |2(1 — z)|p? (444)
0 <m?+|z(1 — z)|p (445)

This is true so 0 < |P + zp| < Ep and | can use Eq. 412
to integrate Eq. 436.

dx

1
2,
r2 —47r/0 P T ipP (446)

1
dx
2 — 4 /
T = dn o P2+ m?2— (P2 + a2?p? + 22P - p)

(447)

2P -p = —p? (448)

1
dx

2 =4 /

rip =Ax s P2t m2— (P2+a2p? — 2p?)

(449)

dx

2

=4
Ty 77/0 m? — 22p? + zp?

(450)

4m . dx
v=s | : (451)
mr Jo 1+z(1—2)B5

/1 dx B
o 1+z(l—2)a

2
In
(44 a)a

. a>0 (452)

24a—

(44 a)a
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8 2

= In
r2p? [l 44z \24 2 — 25 14 am
(455)

p*=p%=(0,p)?

| take —p?/m? = p?/m? — oo.

(3

—p? = p?=—p (456)

8 2
= 7.27T2|n 2 2 2 4 (457)
P> g4 By P (1+2% 2%)
= 8 N 2 _ 87 N 1
rp?\2-24 277 r2p? U\ 1- 1427
(458)
8w p>
(4 ’I”2p2l (mQ> (459)
8w P2
47
h=v2=—55 (461)
P
U = / drr(m*1 + m2ys + p*Y) (462)
0
2 p
U = 8 [1—In (-%)} drs  (463)
m 0 r
2 P
U = 87 {1 —1In <—p2>} dr (464)
m 0 T
| take —p?/m? — oc.
2 P d
¥ = —&nln (-pz) = (465)
m 1 T

| only want the IR divergence (upper bound), and have con-
sistently ignored IR finite terms, so | move the lower bound
up: the apparent In0 divergence comes from ignoring IR
finite terms.

2
¥ = —8nln (—%) Inp, p= %5 (466)
p2 m -
¥ = —8ln (_m2) [ln (X) +1ng (467)
| justify ignoring the Ind term in Sec. 3.3.7.
MY S 4 P (T) (468)
m?2 A

23

8.6. Decay Rate
¥ = —8ln (—:;) In (X) (469)
=B =) (470)

&

T = —8775(Epéj ) (-552) In (K) (471)
.
Ty = ilgl]f;a(E — &)n <—:;> In (%) (473)
Ty = gggaw &) (474)
%Fo . 2?;5(1513 _ ) (475)
T B

9. TOTAL DECAY RATE

| drop all IR finite terms. The 1 — 1 decay rate (Eq.

287) is
e? P2 A
The bremsstrahlung decay rate (Eq. 476) is
€2y p? m
Ly =S <—m2> In (y) . (478)
The total decay rate is
[p =T+ (479)
€2y P> A m
o= <_mQ> [m (m) +n (A)] (480)
€2F0 p2
FT - 27-[-2 n (_Tn?) Inl == 0 (481)

The IR divergences cancel. QED
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10. COMPARING SCALAR & SPINOR QED

Unlike regular QED, scalar QED has 4-way diagrams
(Figs. 5, 6, & 12). But these do not contribute to the
IR divergence. So the only difference, as far as the IR di-
vergence goes, is that scalar QED is easier because there is
no Dirac algebra.

24
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