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| use the notation in my Real Scalar Field Notes. | usually
use p for the magnitude of the momentum 3-vector, p = |p|,
so p> = p - p. But for this homework | will use p? for the
dot product of the momentum 4-vector: p?> =p-p=p? =

(p°)% — p*.
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Part I
Problem 1

N(s) = 2o /01 dz z(1 — z)In |:WL2—5C(1—£L')8:| (1)

T m2

2(6) = / dre(l— o[l —2(1- )¢  (2)

o) = 2a () (3)

m2

We deal with &(¢) instead of #(s).
two are connected by Eq. 3.

It is simpler and the

O§¢<4:>0§3<4m2, ¢:4:>s:4m2,

4<¢ = dm*<s (4)
1. CRITICAL POINT: ¢ =4
The integrand in Eq. 2 is real if
1
1—x(1—x)¢>0$5>x(1—x). (5)

For 0 < = < 1 this inequality holds for 0 < ¢ < 4. Be-
low/above the critical point &(¢) is real/complex. It's not
obvious if the critical point is real without integrating it
(which I now do).

.1.(4):/0 dee(l—a)n[l —de(1—2)]  (6)
.7.(4):/1dm(1—x)|n(1—4x+4x2) (7)
0

1 — 4z +42® = (1 — 22)2 (8)
&(4) :/O de (1 — 2)n[(1 — 20)2] )

1
&(4) = /0 dz (1 —z)In(]1 — 2z|?) (10)

1
&(4) :2/0 dxz(1 — x)In|1 — 2x| (11)

1/2
#:/ dxz(1 — z)In|1 — 2z|
0

1
+/ drx(l—z)In]l — 2z (12)
1/2

&(4) B 1/2
5 _/0 dx z(1 — x)In(1 — 2x)

drxz(l—2x)In(2z — 1 13
v [ e =1 (3)
";4) = 3[1] + 3¢[2] (14)
(1] = /1/2 drz(1 —x)In(1 — 2x),
1 (15)
2] = drz(l —z)In(2z — 1)
1/2
1/2
(1] = /0 drxz(1— z)In(1 — 2x), (16)
y=1-2z, y(0) =1, y(é) =0, dx:—%y, $:1_Ty
(17)
1
=g [ wa-parom 0y

%[1] = %

L w= / dy(1— Dy (19)

1
2] = /1/2 drz(1 —x)In(2x — 1) (20)
y=20—1, y@) —0,y() =1, dr= Y o= VL
(21)
1
a2l =5 [y -ty =5 =2l @2
2%(4) =1t (23)
| integrate %t by hand (it's fun):

= —g. (24)
M) = (25)

2. ¢=0
&(0) = /1 drz(1 —x)Inl, In1=0 (26)

0

»(0)=0 (27)
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3. 0<op<4

&wyzé(mm1—@mu—a1_m@ (28)

1
&(0) = /0 dz x(1 —2)In(1 — ¢z + dx?) (29)

| complete the square.

>y B b\’ b2 20
aat—i—sc—l—c-a(a:—&—Za) +C—£ (30)

2 1\ ¢
1—¢x+ ¢z —¢<x—2> —Z—i—l (31)

1 1 2 ¢
&((/)):/0 dzx z(1 — x)In [¢ (m—2> —Z—i-l (32)
1 1 1 1
y=r-5,90)=—5, y() =, dy=dz, z=y+
(33)

1 1/2 ) ) ¢
s =7 [ avo—wtm (o= 1) 6

12 oy [¢ (42 4
)= [ a2 5 (w14 3)] o9
d

x =2y, x(ié)zzil égzdy (36)

18(0) = 30 (§) +© (12)

1
0

1
= :L'nIQCLf xl’anza
Q?f/odl(+)/d n(@®+a)  (43)

Ai&mw%a)_MO+®+2ﬁmmn<;)2,a>0
(44)

1
9/ dz 2°In(x?*+a) = 6a—6a>/2 acot \/a+3In(14a)—2,
0

a>0 (45)

SO:AM1+@+%3+®v5%mvﬁ—a—§ (46)

&W%zéihxﬂ—xW{¢<;—x+xﬁ} (49)

&(p) = In¢/O drx(l—x)

+/0 drz(1 — z)In (; —x+x2> (50)

! 1
/ dex(l—2)= = (51)
0 6
_ [ _ 1_ ﬁ
<>—/O dx z(1 — x)In <¢ T+ (52)
80) =" 4 0 (53)
%—mﬁ%izOzéxizliA7A:1h—%>O

(54)
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l,x+x27(x,$+)(x,$_)

¢
o= /0 drz(l —2)In[(x —xy)(x —x_)]

4<¢p = 0<z_<zL <1

O =]+ a2+ cf3]

<1 = /Om de (1 —2)n|(z — 23) (@ — )],
- /m+ dz o1 — 2)In[(z — 24 )@ — 2],

<3 = / dr (1 — 2)n[(x — 2, ) (@ — )]

MJrq[1]+<<

o) = 1

2] + < [3]

ForO<z<ax_

r—2y <0, z—2_<0 (z—z4)(z—2_)>0.

1] = /Ow dz (1 — z)In[(z — 24)(x — _)]
<1 = /OI dz (1 — 2)nj(zy — 2)(z_ — )]

«1]= /; drz(1 —z)In(zL — )
+ /01‘ drz(l —z)In(x_ —x)

y=zy—x, T=xL-Y dx = —dy,
y(0) = a4 ye_)=zy—az_=A
z=x_ —ux, r=x_ — dr = —dz
z2(0) =x_ z(x_) =0
1] = §[1] + §[2|
=/ dy (x4 —y)(1 — 24 + y)lny,
A
:/ dz(x_ —z)(1 —z_ + 2)Inz
0

(55)

(56)

(64)

1) = [ dy (e~ o+ )i
B[2] = /09” dz (x_ — 2)(x4 + 2)Inz

Forzp <z <1

O<z—zi<z—2_. = 0< (z—a4)(z—x_).

a[3] :/ dxx(l—x)ln(x—x+)+/ drz(l—z)In(z—x_

z2=2— T4, T=z4+x4, dxr = dz,
z(zy) =0, 2()=1—24 =x_
Yy=x—x_, r=y+ax_, dr = dy,

yley)=zy—2- =4, y)=1l-z_=uz4

= /5'3— dz(z4+ x4 )(x- — 2)Inz
0

+ /; dy (y +z-)(z4+ —y)lny

C[3] = §[2] + §1]

Forz_ <z <z

r—r4 <0<z—2_

2= /-T+ drz(1—z)In[(z — 24 )(x — z_)]

2= /1+ drz(1 —z)In(x — z4)

+ /:+ dez(l —2)In(z —z_)

dy = dx,
ylwy) =4 —z_ =A

y=v—a_, w=y+a_,
y(r—) =0,

2] = /$+ drxz(1—2)In(z —zy) + B3]

A
=/O dy (y +z-)(z+ —y)lny

<= [ drat - a)in(—ls — o)) + §13

= (z—z4)(x—2z_) <O.

(69)

(70)
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€ [2] = In(—1) /I+ de (1 — ) + 53]

T4
—l—/ drz(l —x)lnjlx — x| (83)

+/‘/’["+ drz(1 - z)n(z, —z) (85)

dx = —dy,
y(z4) =0 (86)

Yy=x4 — I, r=2+ - Y,
y(x_):x_s_fx_ :Aa

2 = In(-1) (1 n 1) 1— % +33]

A
+/O dy (LL'+ —y)(;r}, +y)|ny (87)

(g = 2D (; + ;) Ji- % L2803 (9)

In(—1) = Ine*™ = +ix (89)

The sign depends on choosing the right branch: | don't
know how to do that. Fix the sign by choosing whichever
option makes the optical theorem true.

2] = 23]+ (1 n 1) F6). F@)=J1- 2 (o)

3\2 ¢ ¢
_Ing T (1 1

8(0) = 5 2080+ 92+ 9B £ (5 4+ 3 ) 106)
(91)
The § integrals are real and easy to evaluate. But the

algebra is tedious so | export it to Mathematica.
%(¢) = Red(¢) + i Im &(¢) (92)
Im () = =7 (2 42 93
wb@) =23 (3+3) 00| o9

Re(9) = o +o(4(1] +¥(2) + ¥ (94)

9 +2
=65

Re &(¢)

(@)hn {1+f(¢)} _1245¢

@] s | P

5. PHYSICS

The integral in Eq. 1 comes from the leading loop cor-
rection to the photon self-energy. The optical theorem con-
nects a nonzero imaginary part to a possible photon de-
cay. We have shown that Im #(s) = 0 for 0 < s < 4m?.
This makes sense. Remember that the Mandelstam variable
s = p? where p'is the photon momentum. The energy of a
stationary electron-positron pair is 2m: s = p? = (2m)? =
4m?. A real (on-shell) photon cannot decay to a single
pair because that violates momentum conservation (easiest
to see in the center of mass frame). A virtual (off-shell)
photon can decay into a single pair (as long as the energy
is even slightly above 2m), which is why Im #(s) > 0 for
s > 4m?. The critical point behavior implies that even a
virtual photon cannot decay into a single pair with energy
2m, but that's not obvious without doing the calculation.
Neither real nor virtual photons can decay into a single elec-
tron (positron) because that violates charge conservation.
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) ————— D >
X > FIG. 3. Trivial scattering: x particle propagates freely.
FIG. 1. Propagators qg—7
2 P
7

FIG. 2. Vertex coefficient is —2ig. FIG. 4 " . -
. 4. x self-energy loop:

Part 1I ) . i i
M= (—2ig) /d q — .
21)4 2 _ 2 + _ 2 _ 2 +
Problem 2 e Comiield oy o
The symmetry factor S (Fig. 5) is
6. LAGRANGIAN
22 1
. . . : . S = = . (103)
| will work with the bare Lagrangian: | won't renormalize. (2h22! 2
86)2 — m242 + (9x)? — p2x2
- (09) 5 (9x) KX —quQX (96) : e ——
o b

B E—

99)* = 0"’ (0a9) (9 97 | I L i
The free Lagrangi(aji)s S " < X I X G) (b — (D (D (X’, ‘XL>7

2% = (09)° - m?¢* + (00)° — ™% (98) 3 il
5 FIG. 5. Symmetry factor combinatorics for Fig. 4.
|2 = % g6°| (99)
M= 2ig? / d*q
7. FEYNMAN RULES - (27)4 (2 —m2 +ie)[(7— )2 — m2 + i€
(104)
The propagators (Fig. 1) are
é 1 0} (100) 8.1. Feynman Parameters

TP m2 tie prz—MQ—l-ie'
The interaction vertex is in Fig. 2.
A= (7—p)? —m? +ie, B =¢*>—m?+ie (105)

8. Y — x MATRIX ELEMENT
2ig? d*q

The trivial part of the S-matrix has 1 diagram (Fig. 3). M= (2m)* ) AB (106)
The non-trivial part, M, has 1 diagram to leading order
(Fig. 4). .
1 dx
iM =ill (101) Vi /O D’ D=A+(B- Az (107)
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2g 4 U dz
d D
)4/ q/o D?

D=(G-p)?+[¢*—(7—P) ]z —m?+ie  (109)
D=q"+p*=27-p+ (27§~ p*)x —m? +ie (110)
D=¢"-201—2)7- 7+ (1 —2)p* —m? +iec (111)
8.2. Complete the Square
) b\° b2
azx +bm+c:a<x—|—2a> -I-C—E (112)

r—=q a—=1, b= -201—2)p c— (1—z)p> —m? +ie

(113)
D=[7—(1—-x2)p]*—A+ie (114)
A=m?—(1—2)zp? (115)
([7—(1—=m) ] - A+ ze)
(116)
d*k
(I-2)p2—A+ ze)
(117)
8.3. Shift Integrand
Jg=k—(1—-2a)p d*k = d'q (118)
M_ng/ldx/délq (119)
—i2n)t ), (2 — A +ie)?
8.4. Divergence
A 3 A
M~/ dqq—4:/ WA Ao (120)
1 q 1 9q

8.5. DimReg

1 d*q
I = = - I
(2m)d / @At M= / da
121

1 d%q
1) = (2m)d / (g2 — A +ie)? (122)
In my Real Scalar Field Notes | derive
d imd/2 _
dp _ i r 4—-d . (123)
(p?2 — A +ie)2  A2-d/2 2

1(d) = odnd/2A2—d/2 — A2

(2 —d/2) _i(M)dr(Q_d)

2 2
(124)
T=I4)=I(4—e), e—0 (125)
= —2ig? 1 T —€
M = —2ig /0 do I(4— ¢) (126)
4—e
M:Zg/od ;(Vé/”) r(%) (127)
g2 ! 2 © e
M= @/0 da (M) r (5) (128)

This expression yields a dimensionful log. | don't like that.
I introduce a scale [3] = 1. Because 3¢ — 1 ase — 0| can
add as many ¢ factors as | need.

e 28 \ /e
= [ ( A/ﬂ) F(i) (129)
| take € — 0.
2 1 2 A7 32
892 dx L—W—&-In( Wf )} (130)

Here v is the Euler—Mascheroni constant v ~ 0.577216.

1
M:gQ<§_7+H>, :A dxln<47TAﬂ2> (131)
1 4'/Tﬂ2
]I:/O dzln( A >

1 2
H:/ dzIn _ Anp
o m2 — (1 —z)xs

(132)

} . s=p°  (133)
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= /01 dz In {W] (134) ) = /01/2 dyIn (mﬁ - % + 1) (147)
LT
I=1In (4777/222) - /01 dIn {1 _a :nﬁ)m} (136) T =2y, dg =dy, #(0)=0, @ (é) =1 (49

1
ar) = /0 dxIn[l — (1 —x)zr] (137)

T=In <4wf;) -4(5) (138) (151)

M = 8"—; E —y+1n (Mf%?) —a (ﬂ‘;)] (139)

9. INTEGRATE & #(0) =In1 =0, #(0)=0 (152)

4(@:/0 dzin[1 — (1 — )2r] (140)

Qr) = /01 dz In (z2 —1+ i) (153)
O(r) = QW asm<‘f> +1In (f) —2|  (154)
N N T

1
ar) = /0 dzn(ra? — xr 4 1) (141)

9.1. Complete the Square

) b\’ b2
= — - — 142
ax®+br+c a(x—l—Qa) +ec 1 (142)
94. r=4
1\> r
re? —ar+l=r(z—=) —-+1 (143)
2 4
1
) @(4):2/0 dz Inz (156)

(144)

Q(r)z/oldxln[ <x—;> -1

1 1
=r—5, y0)=—5, y(I) =5, dy=dz (145
y 5 YO0 =—5, y)=5, dy (145) _/1dxx:_/1dx:—1 (157)
0 T 0
1/2 .
A = [ e (r2-%+1)  (140) [O4) = &) = 2] (158)
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9.5. 4<r

%«):Aldm <x2—1+f>

(159)

Q?(r):/o dzIn[(x — a)(z + a)], a:\/l—é (160)

Q?(r):/Oldxln(x—a)+/01dxln(x+a)
/Oldxln(era)In(1+a)+a|n(l+i)1
O<H=a<l, {}:/Oldxln(x—a)

@(r)¢+ln(l+a)+aln(l+i)1

{1*:/()adxln(x—a)+/aldxln(x—a)

{I*/Oadxln(|xa|)+/aldxln(ma)

a 1
Ki:ln(—l)a—!—/ dxln\x—aH—/ dzIn(z — a)
0 a
|

n(—1) = +ir
*I}:iiﬂ'a—i-/adacln(a—a:)—i—/ldxln(x—a)
0 a

/adajln(a—x)za(lna—l)

0

1
/dmln(xfa):(1fa)[|n(1fa)71]

¥ = tima —aln (i—l)—&-ln(l—a)—l

1+a
1—a

@(r):ima-i—aln( )+|n(1—a2)—2

4
1- =
r

fr) =

(161)

(162)

(163)

(164)

(165)

(166)

(167)
(168)

(169)

(170)

(171)

(172)

(173)

O(r) = tinf(r) + f(r)In [

i)

1+ f(r)
1—f(r)

a0) = 10 [ {20 -2 im s

(174)

(175)

10. x — x MATRIX ELEMENT: EXPLICIT
FORM

M:% [i’wrln <47r7i22> Q(T;)] (176)
Only & can be imaginary.
10.1. 0<s/m?>=r<4
A(r) =24/ % -1 asin(f) -2 (177)
In this range M is real.
10.2. 4<s/m*=r
fr) =417 (179)
(M) =Red(r) +ilmd(r)| (179)
0]
Re&(r) = f(r)l [1f(r)} 2 (180)
[ Im &(r) = +7/(r) | (181)

11. DECAY: xy — ¢¢
The tree level amplitude has one diagram (Fig. 6).
i = —2ig =

M =—2g (182)

p= (E,p)7 Pn = (Enapn) (183)

4P = 1g? (184)
From Schwartz Eq. 5.24:
M |? M|?
dl = = _ A dIlrps. (185)

olE LIPS T TR
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S

FIG. 6. i/

| need 2! because the final state has 2 identical particles.
This equation only holds in the original particle's rest frame:

p=(E,p)=(E,0). (186)
From Schwartz Eq. 5.21:
d3p1 d3p2 4 =
My 1ps = om)* W (p—P). (1
LIPS 2E, (27)° 2E2(27r)3( ) (P ). (187)
dp1d®py 5
Myps = ————6W (7 — 1
dllLips 16m2E, B, P P) (188)
_ A PdPpidPps @ (=_ B
= rapp g, 0= P) (189)
ar = s )y DI )
647T2EE1E2 167T2EE1E2
(190)
s=p*=(E,02=F*-0=F> —= E=+/s (191)
23, 13
g d°pidpa 4
ar =22 sWpF—p 192
1672\/5E; By (=P (192)
s (p—P
1672/sT = g2/d3p1d3p2(p7) (193)
EE,
5§ (p— 7 —
167%y/sT = g2/d3p1d3p2M (194)
E1Ey
S(E — B — Bs)
1 2 T = 2 3 3
6m°\/s g /d p1d°pa ELE,
5@ (P—p1—p2) (195)
p=0, 4(z)=4d(-2) (196)
E—E, — By

>5(3)(P1 + p2)
(197)

J(
1672/sT = ¢* | &pid®
/s g/ p1d°po 2N

10

E,=m?+p2 (198)

8(E — E; — Ey)6®)
16772\/§I‘:92/d3p1d3p2 ( 1 2) (p1 + p2)
Vm? + piy/m? + p3
(199)
167%y/sT = 92/d3p1d3p25(3)(131 + p2)
(V- VTRt )
200
Vm? + pty/m? + p
167r2\f1“ =g°
5 (V5 —v/mT — /m? +p}) |
&p 201
/ ? Vm? + (—p2) \/mz‘*‘P% (
1672/sT = 92
5 (V5= VmE D3 — /m? ¥ p3)
/d P2 (202)
Vm? + p3y/m? + p3
) (\/E —2y/m? + Pg)
1672y/sT = 2/d3 203
™ \/g g b2 m2 +p% ( )
5 (\/g —2y/m? + q2)
2 _ 2 3
167°y/sT =g /dq R (204)

5 (V3 —2/m? 5 )

47 o)
167%y/sT = 92/ dQ/ dq ¢*
0 0

m? + g2
(205)
o 6(\/§—2\/m2+q2)

16m2y/sT = 47rg2/ dq ¢? 5 5

0 m*+q
(206)

oo ) (\/E —2y/m? + q2)
_ 2 2
4m\/sT =g /0 dqq T (207)
qg=zxm, x = 27 z(0) =0, z(c0) = oo, dg = mdx
m

(208)

—2mV1+
dm/35T = gm/ a2 2 (V2 =21+ 27) (209)

1+ 22
For an on-shell x particle:

s =p* =’ (210)
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o0 S[h(z)] g* [2 s
_ 2 2 — z_ _
4l = g m/o dra? 00 (211) I M = Tm v " 4(m2)
(225)
h(z) = p—2m/1+ 22 (212) _ 9° s
mM=— (=) (226)
2
h(zo) =0 & 0<ay = w0 = (—2’;) 1 (213) Im & (r) = £ f(r) (227)
Note i > 2m, otherwise the decay is impossible. 9 9
S S
mM=+Lonf () =2l () (229)
sinr)] = 2o 20) (214 T
)] =7
W (o)
2 2
mM=9/1- (2m> (229)
8 "

2 00 2

g m T
drpul = —— dr——6(x — 215
= i fy Tt ()

g s\ _ 9 _(2m 2
47WF:927m i (216) igf<m2>_5% ! (u) (230)

/ 2xm 5\ 2m 2
= A (217) =1 () == (u) 231
|1/ (20)| = \/2% 29 =0 (218) s=p%  flr)=4/1- % (232)
P9 _ % (219) s 2m\”
- T y (m2) — - (M> (233)
pogm (L)Q —1 (220) pe (234)
~Arp2 N \2m - m?2
g P t @)= f1- 2 (235)
=2 1= () (221) @
8mp %

+ faT = fla] — +1=1 (236)

| have confirmed the optical theorem up to an overall sign.
| explain the sign ambiguity above (see Eq. 89).

12. OPTICAL THEOREM

Schwartz Eq. 24.13 gives

Im M = pl. (222)

g° 2m\?
ImM==—4/1—- () (223)
8T

M= & E —y+1In (47ri2> — A (n‘;)] (224)

11
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