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| use the conventions and notation in my QED & Real
Scalar Field Notes, which are mostly based on Schwartz. |
usually use p for the magnitude of the momentum 3-vector,
p = |p|, so p> = p - p. But for this homework | will use
p? for the dot product of the momentum 4-vector: p? =

pp=p"= (") -p*

1. PHOTON SELF ENERGY

| follow the calculation in Schwartz Sec. 16.2.2. | draw
the photon self energy diagram, 3%, in Fig. 1. | took care
of momentum conservation in the diagram so | don't need
vertex delta functions. The external photons are off-shell.
Since | am following Schwartz | adopt his convention that
in loops, momentum coincides with particle flow.

_(—ie)QS
HE T
4 s g—ptm v, ftm
/dqﬂ[7 ((f—ﬁ)2—7n2+ie7 Zq2—m2+ie (1)

FIG. 2. Photon self energy symmetry factor combinatorics.

| show the symmetry factor, S, combinatorics in Fig. 2.

2 9 . é 4 N
g ! @) “‘(%v/d%@—m%mﬂ+ﬁw—mﬂma)
. é o Ty —p+m) (g +m) N =Tr[y"(¢ — p+m)v" (¢ +m)] (5)
#= (2m)4 /d TG@=p)? —m2+id(¢ —m? +i6()3)

N =Tr(y"gy"¢) — Te(v"pr"d) +m Tr(y"9"¢)
+mTr(v"4v") — mTr(’y“p’YV) +m? Tr(v*4")  (6)

N = qaqs Tr(v*7*7"v%) = paas Tr(v"7*7" ")

+ Mo Tef*77™) + mga Te(7°77)

— mpa Tefr7°77) + m® Te(y#9")  (7)
Tr(y*y"4") =0 8)
FIG. 1. 5 N = (¢ads — Pags) Tr(1"7°7"7") +m® Tr(3"7")  (9)
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Tr(y#") = 4n"” (10)

Te(y9°y"4") = 4@ — 00" +pPnr) - (11)

po B

N
7 = (905 = Pags) ("0 "0 + P 4 mPp

(12)

N
5 =P AP0 " — g A mn
(13)

N v v 1% pnd — v
5 = 2"~ —d"p +(m?+q-p—*)m™ (14)
| define

A =3 = T = —3%, (15)

ie N
I* = d4
o | M T
(16)

4ie?

(2m)*

/d4q 2q"q” — pq” — ¢"p” + (m? + q-p— @)

(7 —P)* —m? +ie] (g% — m? + ie)

" =

(17)
By Lorentz invariance
I = p* Fy(p?, m* )" + Fa(p?, m*)p''p”, (18)

where I} and Fy are called form factors. To simplify the
integral | introduce Feynman parameters.

1t de flde (19)
AB )y [A+(B—-A2x]2 ), D2

A=(G—p)?—m?+ie, B=¢—-m?>+ie (20)

D = A+(B—A)x = (§—P)*+(2¢-p—p?)z—m?+ie (21)

D=¢+2x—-1)p 7+ 1 —2)p* —m?+ie (22
Completing the square means
b 2
ar’+br+c=alx+d)?+e, d= 2% €= 1 (23)

| apply this to D by taking

r—=q a—1,b—2x—1p c— (1—x)p* —m?+ic
(24)

D =g+ (z = 1P + 2l —2)p* —m?® +ie (25

A=m?—z(1 —x)p? (26)
D=7+ (z —1)p]* — A +ie (27)
e — 4i62
(2m)*
/d4 2q“ —¢'p" +(m* + 77— )™
AB
(28)

2 1
= Leél/d‘lq/ dx
(2m) 0

2¢"q" — p'q” — ¢"p” + (m* + - p— )

= (29)
4ie2 / 1
= — d4q/ dx
(2m)* 0
2¢"q" — p'q” — ¢"p’ + (m* + G- — )"
- = 3 (30)
[[q +@-1)pPP-A+ ze}
/ dx/d4
271'
2q"q” —q'p” + (m* +q-p— )
(31)
Hq-&- (x —1)p)? — A—|—ze}
| shift the integrand.
F=q—(1-o)p  d'k=d,

+(1-2)p, = ¢ =k"+(1—2z)p"
=K+ 01—’ +20-2)jk (32)

4ie2 /1 / d*k
[ de | ——
2m)* J, (k2 — A + ie)?
L

[2k*EY — 22(1 — 2)ptp” + (1 — 2z prEY)

+[m? — k2 a(l - 2)p® — (L=2007 k™) (33)

The pk terms cancel because the integrand is odd.

271' / /k2 A + i€)?

[2k1EY = 22(1 — 2)p!p” + [m® = k* + 2(1 — 2)p*|n"”]
(34)

2 1
d
271')4/0 x/(kQ A + i€)?

[2k”k” —2z(1 — x)ptp” — (k2 + A —2m? n V} (35)
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4ie? ! dmd/? 2-d it (4—d
wy _ = =— T (——
= (277)4/0 drl (36)  Ia(d) = QiAl—d/QF( 2 )’Md) A?—d/2F< 2 >
(48)
I— /d4 2k kY — 2.13(1 — aj)p“ vo_ (k‘2 + A — 2m2)7]l“’ , o )
(k? — A +ie)? ST i —4)
(37) W) =n""\5=1) giaran’ | 5
v v v d/2 —
=21 =9Iy —[(A—2m?)p" +22(1 —x)p"p"]l; (38) [(A = 2m2)n" + 22(1 — x)p“p”]AZ;r 7l (4 5 d)
I R% 2 (49)
I :/d%L, H2:/d4kk—.7
(k2 — A +ie)? (k2 — A +ie)?
d*k /2
]I = - o ™
s / @—arip & Id) = —~i=ap
| use power counting to see how these integrals diverge, { v {(2 _ 1) QI‘ (2 - d) (A= 2m2>F (4 - d)}
Ui +
A " d 2 2 A 2
]INI[N/ dkk ~ A? 11:/ =1InA, (40 2 o (4—d
R A 10 s Zat-appr (150) ) o)
where A — o0o. | use dimensional regularization.
4ie? !
I (d) = ,u4_d/ dx 1(d) (41) /2 2 y d
d d m? d
_ uv _2 _Z _9l" _Z
- 2 (=) (k) -3l
21 (d) =" Iz(d) = [(A —2m” )" + 22 (1 — z)p*p"]I3(d) (51)
(42)
ok 1+ z)=al(x) (52)
I, (d) :/dde—.,
(k2 — A +ie)?
dek ord/2 2
d I :/— _ il E o v v 7m7
/d A (k2 — A +ie)?’ 3(d) (k2 — A + ie)? I{d) = iA1—d/2 A(l z)pp” + (1 A
(43) p
r{2—--
| use Schwartz Eq. B.51 < 2> (53)
kM kv nuy ]{?2
d _ d
ey = [ g 0 272 n d
H(d)zm[ (1 —z)p"p” + " (A —m?)|]l (22)
(k2 — A +ie)? p L
v v o d/2( pv, 2 w, v “ -
nH d k2 nt I(d) = 2in*“(n*"p* — pt'p” )T (2 - ) r———= (55)
dk————— = I,(d) (4 2 )" A2-d/2
d / (2 —A+ie)2  d 2(d)  (49)
]I(d) = v 62:u‘47d v v, 2 d
9 I (d):W(P”p - n"p?)T 2*5
(5 1) @)= (a2 20(1-0) a0 D
(46) /O d.’L’ xiAz_d/Q (56)
| use two integrals | derived in my Real Scalar Field Notes.
ddp imd/? 4—d » et d
/ (p?2 — A +ie)2 A2—d/2r ( 2 ) ) (d) = 9d—3 7d/2 ("p” —p™ ") <2 - 2)

/ddp p2 _ dﬂ'd/2 T 2—d
(P2 —A+ie?  2iA-d2 \ 2
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| return to 4D.

II# = I1*(4) = lim II* (4 — €) (58)

e—0

Let the limit € — 0 be implicit.

I = TI" (4 — ¢) (59)

e? m)° €
= —(2;;\2/_) W' =T (5)
/1 de z(1—x)
o [m2 — z(1 — 2)p2]/2

(60)

| expand around € = 0.

2

e
I = o (0" — )

/01 dzx(1—x) <2u\/m> E r (g) (61)

€
I = o (p'p” = ™)

/01 drz(l - x) E +1n (#ﬁ_wﬂ (62)
Where

] @

where e is Euler's number, not the electric charge, and v ~
0.577216 is the Euler—Mascheroni constant. | define

Iy(p) = / 1 szl =) [g in (Mﬂ)]

(64)
The regularized diagram is

" = &2 (p'p” — p*n/" Tz (p?) | (65)

2. VERTEX CORRECTION

| follow Schwartz Secs. 17.2 & 19.3. | show the relevant
Feynman diagram, 3%, in Fig. 3. | show the combinatorics
for the symmetry factor S in Fig. 4.

4 x 3 x 22
= =1
5= iy (66)

Momentum conservation at each vertex implies

p=p2—p1 (67)

FIG. 3. Feynman diagram %t. The external photon is off-
shell. T suppress the spin indices.

FIG. 4. Vertex correction combinatorics. The key is to rec-
ognize that every fermion in the diagram is an electron (-).

The QED Feynman rules yield

_ d*k —iNya D
ﬁ—s/ 0 =gy e 2
vk (—iey")i £+ m (—iey™)u(pr)-

¢ I .
(F+ £)2 — m?2 + ie k2 —m? +ie

(68)

| introduce a fictitious photon mass A to prevent an IR
divergence.

d*k —1n
x:z:s/ _ va @5y (—ien”
(2m)* (k — §1)% — A2 +de ()i
i ]ﬁ'f‘k'i‘m —ie ”)i—k_’_m
G+ R?—m2tic R m?tie

(—iey*)u(p1). (69)
| use the shorthand

Un = u(Ph).- (70)

2 _e3nl,a / d*k
@MY ) (k= p1)2 — A2 +ie
Uy (p + Kk +m)y"(F +m)y*w
[(5+ k)2 — m? + ie] (k2 — m2 + ic)

(71)
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e3 d*k
~ (2m)? / (F — j1)? — A% + ic
Uy (p + k +m)y* (F +m)yvu

= (72)
[(P+ k)2 — m? + i€] (k% — m? + ie)
| simplify %* using Feynman parameters.

A=k —m?+ie, B=(F+k)? —m?+ i
C=(k—-p)2 =N +ie (73)
/d4 B2 (P m)y (K 4 m) v (74)

(2m)*ABC
1 ! S(x+y+z—1)
) ]

ABC /0 dedyde By 0p (™)
TA+yB+ 20 = (z+y+ 2) (k> +i€) — (x +y)m? + yp*
+2pt + 20y — 2ph) -k — 202 (76)

Because of the delta function in Eq. 75 | can use the identity
r+y+z=1.

D:xA—|—yB—|—zC=k2—|—2(yﬁ—zﬁl)-lg+yp2—|—zpf

— (z+y)m? — 2\2 +ie (77)
| complete the square.
b 2
ar’ +br+c=a(r+d)?*+e, d= % = 1 (78)
a—1, b — 2(yp — zp1), z—k

c— yp? + 2p7 — (x +y)m?* — 22% +ie  (79)

(z +y)m? — 2)?
(80)

D= (k+yp—zp1)* + yp* + 2pi —
+ie — (yp — 2p1)°

D=(k+yp—zp1) +y(l—y)p°

+2(1 — 2)p? + 2yzp - p1 — (xz +y)m? — 22? +ie  (81)
The external electrons in % are on-shell so

pi =p3 =m’. (82)

D= (k+yp— zp1)?

+y(L—y)p® +2yz5-pr + (2 — 2 —y — 2°)m? — 2A* +ie
(83)

D =

(k+yp—2p1)? +yl(1—y)p* + 225" p1] -

(1—2)%m?

—2\? e (84)

| combine Eqs. 67 & 82.

2

p® = 2m*—2py - (p+p1) = 2m* —2p7

= (k+yp—2p1)? +y(l—y—2)p* — (1—2)*m?

p® = (Po—p1)% = p5+pi —2p1 - Po = 2m> — 251 - o (85)

P+ p1=p2 (86)

—2p-pr = —
= 27-ph=—p° (87)

—2\%+ie
(88)

D = (k+yp—2p1)* + zyp® — (1 — 2)>m? — 2A% +ie (89)

= —

= —

= —

N

A= (1-2)*m? — zyp® + 2)\2 (90)

D = (k+yp— 2p1)% — A+ ie (91)

e / i 82 (p+ K +m)y"(k+m)vu

(2m)4 ABC
(92)
1 ! o(x z—1
e = 2/0 dxdydz% (93)
2¢3 !
W/o dedydzd(x +y+2—1)
/d4 uy”(p+F + mD): (k + m)yu (94)
2¢e3 !
o) /0 dedydzd(x +y+2—1)
/d4ku27’:(p + F A m)yr(f + m?%“l (95)
[(k+yp— 2p1)%2 — A +ie)3
2¢e3 !
o) /0 dedydzdé(x +y+2—1)
/d% - N . (96)
[(k+yp— 2p1)% — A+ €3
N = agy” (p + F +m)y" (k4 m)yu (97)
= Up(Y'P+ Y F 4+ my" )y (k4 m)yu (98)
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VP =7"v"ps (99)
("= = Aty =291 — 44" (100)
Where I is the 4 x 4 identity matrix.
VP =201 =4 " )ps = 20" psl — 1 psy”
=2p"1 —py" =2p" — " (101)

In the last step | suppress I to condense the math.

N = ag[(m—p—k)y" +2(p" +E)y" (k+m)v,ur (102)

N “J(E+m)ypur (103)

s [(m—p—F)y" v +2(p" +k" )y

N =dg[(m —p— k) 2n"" T — yH~") + 29" (p” + k)]

(K +m)yur  (104)
N =ag[(m —p—E)2n"" —"9") + 29" (0" + k)]
(F +m)yur  (105)
N = iy
2(m —p— "™ — (m — p — E)Y"y" + 29" (p” + k)]
(F+m)y,uy  (106)
N = ag[2(m — p — k) (K +m)n™"
—(m—=p—F)y"y (F+m)+ 29" (k+m)(p” + k)] u

(107)

N =uz[2(m — p— F)(k +m)n™"

—(m—p— R (v FHmy”) 29" (R m) (0" +E )
(108)

N = ag2(m —p—F)(F+m)n"™" + 29" (k+m)(p” + &)

— (m—p— E)y" (2K — kv + )] ypur (109)

N =ag[2(m —p— k) (F+m)n"" + 29" (k+m)(p” + k")
—2(m —p— )K"+ (m—p— BV (E—m)y T

(110)

N =uz[2(m —p— F)(k +m)n""y,
+ 29" (F 4+ m)(p” + k) — 2(m — p — YK,
+(m—p— )"k —m)yyJun (111)

Y =0 =0 = ()= (%) (112)

From my QED notes

() =-()?=1I (113)
Vo, = Al (114)
= w[2(m —p— F)(F +m)y" + 29" (F+m)(p + k)
—2(m —p— BV E+A(m —p— )" (k= m)T]ua

(115)

N =2ag[(m —p— k) (F +m)y" + " (F +m)(p + k)
—(m—p—E"E+2m —p— E)y"(F—m)]ur  (116)

N = 2as[(m—p— k) (Fy" +my") + (7" E+my™) (p+ k)

—my EApy BB R 20y — pyt =yt (B —m)|uy
(117)

N = 2ug[(m—p—E)Ey" +(m—p—F)my" +4"k(p+F)
+mA (P + k) — A f A py E A B R 2my (B —m)
— 2py"(F — m) — 24" (f — m)]uy  (118)

N = 2a[m(ky" — py* — kv + 2" p+ Ak —
291 2Py 2t — PR — B A AR
+ Py R+ B R = 2p K = 2 — mPyPuy (119)

N = 2a[m(2ky" + 29" + 1P+ ) — phrt — Fy"
AR A — R — By - mP Py (120)

N = 2a3[2m(2k" + p*) — ply" — Fo4*
AR AVEE =y R — By R - mP Py (121)
" —ytaP) = 20 ps — A pery”
— oty (122)

Pt = ppy " = ps(2n°

ool = Ry = (2K — A E) = 2Kk — 'k (123)
N = 2us[2m(2k* + p*) — P%V“ — 2fkH

F AR A — R — mP ey (124)
N = 2up[2m(2k" + p) — phyt — 2fk"

F A R+ H — gy R — mPyuy (125)
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VR = R = (2K — )R = 2Kk — By (126)
N = 2a32m(2k" + p*) — pky* + v kp — ky"E
— Py —mPyHuy (127)

N = 2us[2m(2k" + p") + " kp — k" I — 2pk" — mPy"uy
(128)

YrEp = (2KF — fyt)p = 2pk" — fytp (129)

N = 2us[2m(2k" +p*) — Fy"p — kv — m*y*]uy (130)

%= (z+y+z-1)
/ 2u2 2m 2k“ +pH) =k — R — mP
[(k +yp — 21)? — A + ie]3
(131)
4¢3 !
= (27r)4/0 dedydzdé(x+y+2-1)

U [y p + Fy"k + mPy* — 2m(2kH + p*)]uy
[(k+yp — 2p1)2 — A + i€)3

/d4k

| shift the integrand.

(132)

7=Fk+yp—zph, dk=dq, k=q—yp+zp (133)

/ da:dydz/d4

= uz[(d —yp + zp, "'p
+ (g —yp+ 2P ) (d—yp + 2p,) +m
—2m(2¢" — 2yp* + 2zpi + p")]us

x—l—y-l—z—l),/i/
— A +i€)3

(134)

(135)

N = w|(L=y)V" p—ypry"d+2d7"p, +2p, 7" d —4mg"
TP Pz Pyt Py P

+mZyt — 2m(2zp} 4+ pt — 2yp")]us  (136)

N = U[(L-y) gy p—ypy" g+2d7"p, +2p, 7" d—4ma"lu

+. (137)

M = U]z (1—y)p, " p— 2ypy"p, +y(y— D)y p+ g

+ z2plw;¢1 + m2yH — 2m(2zp + p — 2ypM)|ur  (138)

4e® 1 Sx+y+z—1)
2 [ drdyde [ QY T2
gt |, devds [t L

ypy LT ep e - Amag"u ]
(139)

_ y)gvﬂp _
Terms with one factor of ¢ are odd and integrate to 0.

/ dmdydz/d4 5((“3’:;6)1)/// (140)

M = s (' + Nuy = tia(qq a7y + N)ur (141)

N =z(1L=y)p 'p — zypy'p, +yly — py''p

+ zQplfy“pl +mZyt — 2m(2zpf 4 pt — 2ypt)  (142)
463 1
= (27?)4/ dedydzé(x+y+2-1)
0
a8 H
(¢> — A +ie)?
= (x4+y+z2-1)
4 ﬂg./\/"(bl
——— +4 144
/d Ty e (49
o2 1
®©= dedydzdé(x+y+2z-1)
(2m)*
0
B
d4 29 q° oY y8u1 14
/ (> — A +ie)? (145)
2e3 ! Sez+y+z—-1)
= dvdydz | d*'q——5———"N+4
" (277)4/0 s [ @ Avigp
(146)
N = 245 Nuy (147)

The Gordon identity, which holds for on-shell spinors, is

u(p)(¢" +p")u(@) =
2ma(p)y"u(q) +

iw(p)ot (g — po)u(q), (148)
where
o = Ly (149)
N =21 =y)p'p — zypy"'p, +y(y — Dpy"'p
+ 2P P, + mPt = 2m(22p + pt — 2ypt)  (150)
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Py =2p" = Aty (151)
Pt = 2o —A"p)p =200 — P (152)

4p = qapp7*7’ = qaps (20 —4Py*) =
2% qapp — qapp’y =275 —p¢  (153)
POMP =200 — 29Dy - P A pp, (154)

| use Eq. 87.

20 ph = —p? (155)
PP =201+ PPy A, (156)
VP =20 — (157)
PP = 200 P+ 07" + 20", — Y, (158)

N = (1-y)(22p) —ypy" )p+2[(1—y) 20" —py"'+2p 1",
+ [m? + 2(1 — y)p°]y* — 2m(22p) + p* — 2yp*)  (159)

N = 20, [(1 = y) (22p} — ypy™Jp + [m + 2(1 — y)p*y*

+2[(1=y)2p" =" +2p, Y 1P, —2m(22p) +p" —2yp") |ua
(160)

N = 2(1 — y)ua(22p) — ypy*')pus
+ 2u22[(1 — y)2p" — py* + 2P,V ]p ua
—4m (2zp} +pH —2yp")tguy +[2m2 +22(1—y)p*azy us
(161)

On-shell spinors satisfy

pulp) = mu(p),  a(p)p = mu(p). (162)
N = 2(1 — y)ua(22p) — ypy*)pus
+ 2mzu2[2(1 — y)p — py* + zp 7w

—4m(22p! +pH —2yp" ) tigus +[2m> +22(1—y)p®laey"uy
(163)

N = 2(1 — y)u2(22p} — ypy")pus
+ 2mziig[2(1 — y)p" — Py + 22pf — PP, Jua

—4m(22pf+p“—2yp”)ﬂ2u1+[2m2+2z(1—y)p2]ﬁ2’y”u1
(164)

N = 2(1 — y)ua(22p) — ypy")pus — 2mziigpy*us
+4m|(z — yz — 1+ 2y)p* + 2(z — 2)pYJusuy
+ [2m? + 22(1 — y)p?|ugy ur — 2m22ﬂ27“p1u1 (165)

N = 2(1 — y)ua(22p) — ypy")pus — 2mziigpy*u
+4m[(z — yz — 14 29)p" + 2(z — 2)p{ 2w
+ [2m? + 22(1 — y)p?lugy ur — 2m> 22Uy u;  (166)
N =2(1 — y)uz(22p4 — ypy" )pur — 2mzitigpytuy
+4m[(z —yz — 1+ 2y)p* + 2(z — 2)p}|agur
+ 2m2(1 — 2%) + 22(1 — y)p?lagy" u;  (167)

| use Eq. 67

P=p,— Py (168)
N =2(1 - y)ua(22p) — yp "+ yli’l’Yﬂ)(}% 77)1)1“
+4m[(z —yz — 1+ 2y)p* + 2(z — 2)p}|ugus
+[2m2(1 — 2%) + 22(1 — y)p?|agy" uy
— 2mzis(p, — P )7 'ur (169)
N = 2(1—y)(2zp e —ytiop, " +ytiop V") (P,u1 —p,u1)
+4m[(z — yz — 1+ 2y)p" + 2(2 — 2)pyJuzws
+[2m2(1 — 2%) + 22(1 — y)p*laey us
— 2mz(uzp, — tzp, )y"ur  (170)
N = 2(1—y)(2zp s —mytioy" +ytiop v") (P, u1r —mus)
+4m[(z —yz — 1+ 2y)p* + 2(z — 2)p}|agur
+ [2m%(1 — 2%) + 22(1 — y)p*laoy"uy
= 2mz(mis — Ugp )y ur  (171)
N = 4(1 — y)zpitgp,ur — 4m(1 — y)zp) sy
= 2(1 — y)myuxy"p,ur + 2m2(1 — y)ytoy" uy
+2(1 = y)ytiop Y'pyur — 2m(1 — y)ytiop vur
+4m|(z — yz — 1+ 2y)p* + 2(z — 2)pYJusuy
+ [2m2(1 — 2%) + 22(1 — y)p*laay"uy
— 2m2zligy Uy + 2mzﬂ2p1'y“u1 (172)

N = 4m(1 — y)zpiusus — 4m(1 — y)zpi usu,
—2(1 — y)myuxy"p,ur + 2m2 (1 — y)ytoy"uy
+2(1 — y)ytiop V' pyur — 2m(1 — y)ytiop vur
+4m[(z —yz — 1+ 2y)p* + 2(z — 2)p}|ugus
+ [2m%(1 — 22%) + 22(1 — y)p?|aey ur
—2m?zloy Uy + 2mzﬁ2p17“u1 (173)
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N = 2m2ﬂ2p17”u1 —2(1— y)mya27up2u1
+2(1 — y)ylap, ¥ p,u1 — 2m(1 — y)ytiop, 7w
+4m|(z —yz — 14 2y)p" + 2(z — 2)piJuow

+2m*(1+y — 2 —2° —y?) + 22(1 — y)p*luayuy
(174)

N=2m(z—-y+ y2)ﬂ2p1’y”u1 —2m(1 — y)yﬁyy“%ul
+ 2(1 — y)yuop VP, w1
+4m[(z —yz — 14 2y)p" + 2(z — 2)pyuw

+2m*(1+y — 2z — 22 —y?) + 22(1 — y)p*laay"uy
(175)

P =20 =My, My =205 -yt (176)
N = 2m(z — y + v*) (2} tiauy — Uz y"p ur)
+2(1—y)ytuop, v p,ur —2m(1—y)y(2ph tigur —tgp, 7" u1)
+4m[(z — yz — 1+ 2y)p" + 2(2 — 2)py|azus

+2m*(1+y — 2z — 22 — %) + 22(1 — y)p*laay"uy
(177)

N = 2m(z — y + y°) (2p! Ggur — misy"uy)
+2(1—y)yuop, v p,ur —2m(1 —y)y(2ph iaus —miigyHuy)
+4Am|(z —yz — 14 2y)p" + 2(z — 2)pilu2w

+2m*(1+y — 2 — 2% — ) + 22(1 — y)p?lasy u
(178)

N = 2(1 — y)ytuop v'p,u1 + 4m[(z — yz — 1+ 2y)p"
+ (2% =224 2 —y + )t — y(1 — y)phlusu
+ [2m*(1+ 3y — 22 — 2° — 3y%) + 22(1 — y)p*liay"w
(179)
Eq. 67 implies

Py =p + . (180)
N = 2(1 — y)yuzp +'p,u1

+4m|(z —yz — L+y+y°)p* + (2% — 2 — 2y + 2% )p} Jaouy

+ [2m2(1 +3y—2z— 22— 3y2) +22(1 - y)pz]agfy“ul

(181)
pfyul% = (2p - Vﬂpl)pz = QPTPQ - ’Yﬂpﬁ% (182)

| use Eq. 153
qp = 2¢-p— Pd (183)

PP, = 2]?‘11}/?2 =" (2P - P2 _pﬂﬁl) =
2p4 P, — 2P0 - Py + M pLp,  (184)
| use Eq. 85

2p1 - po = 2m* — p*. (185)
pfyﬂpz = QPAILpz +(p* = 2m*)y + 7M¢2p1 =

2P, + (p° — 2m* )" + (2ph — p " )P, =

2p0p, + (0> — 2m*)V" + 205 P, — PP, =
24P, + (p° — 2m>)0" + 200" + p)p, — p, 7P,  (186)

N = 4(1 — y)yp! tgp,ur + 2(1 — y)y(p* — 2m* )ty ur +
4(1 = y)y(p" + py)tzp,ur — 2(1 — y)yaop,y"p,w
+4m[(z—yz—1+y+y))p" + (2% — 2 — 2y +20°)p! 2wy

+[2m?(1+ 3y — 22 — 2% = 3y®) + 22(1 — y)p’laey w
(187)

N = 4m(1 — y)ypitou; + 4m(1 — y)y(p" + p)tguy
—2m2(1 — y)ytoy u,
+4m[(z —yz —1+y+y2)p" + (22 — 2 — 2y + 2y paouy

+2m2(1+y—22—22 =) +2(2 —yz+y—y°)p* oy uy
(188)

N=4m[(z —yz — 1 4+ 2y)p" + 2(z — 1)p}]usuq
+2m2(1 — 22 — 22) + 2(2 — yz + y — y*)p*|uay"us
(189)
Eq. 67 implies

2p1 = p1 + P2 — . (190)
N = 2m[2(z—yz—1+2y)p" +2(2—1) (p) +p5 —p")]d2us

+ [2m2(1 — 2z — 22) +2(z—yz+y— yz)p2]ﬂgfy“u1
(191)

N = 2m[(32—2yz—2+4y—2")p+2(2—1) (P} +ph ) agus
+ [2m?(1 — 22 — 2%) + 2(2 — yz + y — y?)p?lasy uy
(192)

Using the identity x + y + z = 1, which holds under the
integral sign, | find
32—2yz—2+4y—2% = (2—2)(1-2y—2) = (2—2)(z—y),

z—yzt+y—y’=(1—-y)y+2) =01-y1-a).
(193)
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N =2m[(z — 2)(z — y)p" + z(z — 1) (p] + ph)|uzu1
+2m?(1 — 22 — 2%) + 2(1 — y)(1 — 2)p*Jaoy"u;  (194)

N = 2m(z—2)(z—y)p'tgus +2mz(z — 1)us(p} +ph)us
+2m?(1 =22 — 2%) + 2(1 — y)(1 — 2)p*Jaoy"u;  (195)

| use the Gordon identity (Eq. 148).

Us(py + ph)ur = 2mioy ug + it20,,, (pY — ph)ur (196)
P=p2—p1 = pi —py =—p" (197)

o (P + ph)ur = 2muoy uq — itgo L p un
= 2maugy uy — tugc"p,ur  (198)
N =2m(z — 2)(z — y)p"agus — 2miz(z — 1)ugc"pyuy

+ [2m%(1 — 22 — 2%) + 2(1 — »)(1 — 2)p*|aoy uy

+4m?2(z — Dagy u;  (199)
N =2m(z — 2)(z — y)p"agus — 2miz(z — 1)p,Ugct”uy
+ 2m2(1 — 4z + 2%) + 2(1 — y)(1 — x)p?aay"uy  (200)

M = 2m?(1 — 42z + 22) + 2(1 — y)(1 — 2)p*aey"us
(201)

—2miz(z — 1)p,tigo™ uq

N =2m(z — 2)(x — y)pHtgus + M (202)

1

-1

/ dxdydz/d4q(5(£v+y—w
0

@ —A+io N+ 4e®

(203)

2¢3 !
;:}:466)—1—[/ dxdydz/d4q
0

(2m)* (¢* — A +ie)?

+ 2mptisuq

S(x+y+z—1)
4
dxdydz/d q (@A ticp

(z=2)(z—y)
(204)

0

(z=2)(z —y)
(205)

1
d(z+y+2z—-1)

drdyd dfqg———=2 " M
[/0 S Z/ @@= A+iep

1
z+y+z-1)
N = drdyd dlqg—-"" 7

+ 2mp"u2u1N] +4e® (206)

5(x+y+z—1)M

10

1 Sz+y+z—1)
_ a T\t re e, _
Nf/o dxdydz/d E A ¢ ey
(207)
A= (1-2)*m?* — zyp? + 2)\2 (208)
1
N:/ drdydz
0
dz+y+z—1)(z—2)(x—y)
4
[ e G s s i 2

h=z-2, w=q*>—(1—2)?m? - 2)% +ie (210)

! h(z —y)
N= | dedydz [ d¢q—"—22_§ —1) (211
A v dy 4/ T tdle e 2=1) (211)

| swap dummy variables z <> y with substitution.

! h(y — x)
N= [ dydedz | dq—"——2—§ ~1) (212
/O ydz 2/ L Pr— (y+a+z-1) (212)

! h(z —y)
N=— [ dedydz | d*q—"—2L_§ -1
/0 T Z/ Tw + zyp?)? @ty+z-1)
(213)
N=-N = R=0 (214)

2¢3 ! dz+y+z—1)
= dedydz | d*q——=— " ‘M
# @mdﬂ vy [t
—|—2/mp%ﬂﬁ§f]+4e® (215)
2e3 (! dz+y+z-1)
= = | dedydz [ d*q= T T vy
ﬁ'(%vﬁ xyz/ @A Y

(216)

M = 2[m*(1 — 42 + 2%) + (1 — y)(1 — 2)p*|uay"uy

—2miz(z — )p,ago*’uy  (217)

J=2[m?*(1 — 4z + 22) + (1 — y)(1 — 2)p?|agy"u; (218)

M =J - 2miz(z — 1)p,ta0" uy (219)

_ 2¢3

-~ (2n)t
4ime®
P20t uy

(20

1
-1
/ dxdydz/délq(s(x_‘_y—w
0

4
(@ —Atiep A0

1
/ dedydzo(x+y+z—1)z(z—1)X
0
(220)
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_ d*q
%= [ Gar 22

4e? !
ﬁﬂgﬁ“ul/ dedydzé(x+y+2-—1)
0

[m 2(1 — 4z + 22) +(1-y)(1- x)pz]X

3t = 4e® +

4 1
—%pyma ul/ drdydzé(x+y+z—1)z(z—1)X
0
(222)
X does not diverge.
A
d 1
Xw/l ZgN_WNO’ A — o (223)

From Eq. B.39 in Schwartz

ddp a2 Al 6—d
—— = AY?2=31 . (224
/ (p?2 — A +ie)s 2 ( 2 ) (224)

X = —%ru), r(1)=1 (225)
- 2
X = —;% (226)
4e3 !
= 4e®+(2 i T U2y u1/ dedydzé(x+y+2z-—1)
0

[m?(1 — 4z + 2%) + (1 —y)(1 — 2)p?|X

5 ! 5 —1)z(1—
+%puuzﬂu Uy / drdydz (@tyte )A( ?)
0

A
(227)
The fine structure constant is
o2
a=-— = e=2yma. (228)
47
de 3
L =4e® + G oy U2 ul/ dedydzé(x +y+2—1)

[m?*(1 =4z 4 2%) + (1 —y)(1 —2)p’|X

as r+y+z—1)2(1-2)

1 5(
+m pyu20" u1/ dx dydz A

(229)

A = (1—2)*m? — zyp® + 2)\?

4e3
(2m)*

[m*(1 =42+ 2%) + (1 —y)(1 —2)p

3= de® + o U2y ul/ dedydzé(x +y—+2z—1)

X + pyigot”usF

(231)

(230)

3 1
F:m\/CT/ dxdde(S(m—i—y—i—z—l)z(l—z)

T Jo (1 —2)2m?2 — xyp? + zA\2

(232)
Notice how the fictitious photon mass A removes an IR
divergence in F. Consider the integrand of F with A =
x=y=0and z =1 (we cannot have z =y = 2z = 0
because of the constraint z + y + z = 1):
0 1

Frog=g=00

(233)
That's why we need the photon mass!

3 1
It =4e® — ;e—Qﬂgfy”ul/ dedydzdé(x+y+2z-1)
n 0

m*(1 -4z 4+2*) + (1 —y)(1 — 2)p?

+ p gt ulFF

A
(234)
Tt = 4e® — 4/ u27“u1/ dedydzdé(z+y+2z—1)
m2(1 — 4z + 22) + (1 — y)(1 — z)p? L
¥ F
(1 —2)2m? — xyp? + 22 T Puliz0”
(235)
Fi=14/— / dedydzd(x+y+2z—1)
1 —4 1-— 1-— 2
2+ )+ (1= —ah?
(1 —2)2m? — xyp? + 22
3t = 4e® — ius Y u1Fy + ppusotulF (237)
F; also has an IR divergence at t =y =A=0& 2z =1.
2 2
p* —2m 1
Fy ~ —r  ~p=® (238)
e? !
o= (27r)4/0 dedydzdé(z+y+2z—1)
B Ky s
d4 u2q 4 Yoy VUL 939
/ — A +ie)? (239)

e? !
= — _ 1 m o Hn
® (27r)4/0 dedydzd(x +y+ 2z — 1)ueByay vsur

(240)
aqB
4 q“q
241
7= /d (¢ — A+ie)® (241)
% is UV divergent.
A
%’N/ @:InA, A — (242)
1 g
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| regulate 8 with DimReg.

e2yh—d
o) = <2uw)d 270" g1
1
/ dedydz5(z +y+ 2 — 1)B(d) (243)
0
aqB
_ d q-q
©=06(4), B = B4) (245)
| use Eq. 44.
af 2
n d q
Bd)=— [ d¢G—-"—— 24
(d) d q(qz—A+ie)3 (246)
| use Schwartz Eq. B.38
/dd p? B i(2m)d I 4—d
Po? —Atie3 ~ a(an)ilzA2=dr2 2 )
(247)
- af d -
in™F (2m) 4—d
HB(d) = 4(47T)d/2A2—d/2F < 5 (248)
) 62M4_d . 4—d
@(d) = ZWU277 B’Yoﬁ”%@“lr (2)
1
Sex+y+z—-1)
62M4_d 4—d
— TN
1
S(x+y+z—1)
(At =2 = APt = ot e (251)

Ce2yhmd A—d
O(d) = Ziﬂ)m (2075 — 7"y g )ual <2 >

4(4m
1
z+y+z-1)
In d dimensions v*v, = d.
62M4_d 4—d
— T I
o) = 24(4ﬂ)d/2u2(2'y yHd)u T ( 5 )
1
z+y+z-1)

12

€2M4_d 4—d
— — Dot
o) = Z4(47r)d/2 (2 = d)ugy"u T ( 5 )
1
S(x+y+z—1)
| return to 4D.
O=04)= 11_}1)% Od—-—¢)=04-¢ (255)
In the last step | make the limit € — 0 implicit.
o= (=Dt (5)
= 4(471_)276/2 € U277 U1 2
1
z+y+z—-1)
i€ e (4m)/? €
— ZPNET) e 9)iiA hd
© A(4r)? (€ = 2)an (2)
1
S(x+y+z—1)
ie? !
®= 4(471_)27127“1“ /0 dedydzd(x+y+2z—1)

(2\/2“)6 (e—2)T (g) (258)

p2 = dme™ 7 p? (259)

| expand around € = 0.

ie?

1
o= 4(471-)2&27#“1/0 dedydzd(x+y+2-1)
4 2
—— +2-2In{ 260
ereean(f)] e
Z'e2 1
©= 2(4ﬂ)2u27“u1/0 dedydzdé(x+y+2z-—1)
2 2
-—1+1 — 261
Coren(5)] e
3t = 4e® — ity u1Fy + pLugotuqF (262)
3t = —iuoyHurFoy — dtuoy"urFy + pousc?’u F o (263)
3 1 ) [LZ
(264)
3t = pyugot’uF — Z(]FQ + Fl)ﬂgfy“ul (265)
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feks i
Fo = /& d:vdydzé(x+y+z D|Z-1+m (%
™ Jo A

(266)

3 1
ng\/a—/ dedydzé(x +y+2z—1)
™ Jo
/'12
€

Iy also

S
Sy

FIG. 5. Electron self energy Feynman diagram §. The exter-

nal electrons are off-shell

zyp® + z)\2)] (267

2—1+ In
(1—=2)2m2—

has an IR divergenceat t =y=A=0& z=1

Fy ~ 2In (%) ~ In oo ~ 00 (268)

koS p,,’l_LQO'IW’LLl]F — Z(]FQ + F1)'U,2’}/ U1 (269)
o3
F=\/—%F (270)
T
A= (1—-2)*m?* —zyp? + 2)\? (271)
1—=2
= (272)

1
yzm/ dedydzd(x+y+2z—1)
0

F, = \/ / dedydzdé(x+y—+2z-—1)
_ 2
DP° (o73)

21-4z+22)+(1—-y(1
A
Fy = _3 /1 da dy dz §(z+y+2—1) [_ —141n < 2)} FIG. 6. Electron self energy symmetry factor combinatorics
™ Jo
(274)
3. ELECTRON SELF ENERGY
3
Fy+F =4/ — 275
2t 0 (275) | follow Schwartz Sec. 18.2. | show the Feynman diagram
g in Fig. 5 and the symmetry factor, S, combinatorics in
Fig. 6.
2 1
S = - —1+/ dedydzé(z+y+2—1)
€ 0
m*(1—42+2)+ (1 -y —a2p® | ([} ;é+ — i
A RN —iey! )iz ——(—iey") ———=
—m? +ie (7 — k)2 +ie
(276) (278)
) 4x2
=4 — uQ(p o F — i Sy )y (277) S= 222! =1 (279)
2
A—_— /d4k 0 ) (280)
(2m) (k2 — m2 +ie)[(F — k)2 + i€]

This disagrees with Eq. 19.54 in Schwartz. But given my
careful derivation and checking | suspect Schwartz has a

typo. That and the book has a lot of other typos
13
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2 M
8 — _ e - /d4k Y (k + m)/yﬂa (281)
(2m) (k2 —m? +ie)[(5 — k)2 + i€]
| define
g = iTa(p). (282)
. 9 m
22@) _ e ; /d4k Y (%4- “:L’)’Y;: .
(2m) (k2 —m? +i€)[(5F — k)? + ie]
(283)
| simplify the diagram with a Feynman parameter.
A=k —m?+ie, B=F—-k?>+ie (284)
ie? [ o M E+m)
Yo (p) 2n)? /d kT (285)
Ll B (286)
AB ~ J, D*’ - *
ie? 4 ! 7“(% + m)'y#
ie> [ 2 YR+ m)y,
D=k —m?+ic+[F—k)? -k +m’z  (289)
D=k —m?)(1—2)+ (F—k)’z +ic (290)
ie? ! 4, N
N =4k +m)y. = (V' k+my" ) (292)
From Eq. 101
Vp=2p" —py”. (293)
N = (2K — " + mAy* )y = 26y, — kv +myt

=2k — kv .+ myt . (294)
Yy, =41 =4 (295)
| suppress the identity matrix in the last step.
N = 2§ — 4 + 4m = 4m — 24 (296)
2ie? (1 2m —
Sh(p) = ﬁ / do / a2k aen
0

14

| complete the square.

D=k —22p k+ap> —m>(1—xz)+ie  (298)

2

2
9 _ b
ar*+br+c=alx+— ) +c—
( 2a> 4a

(299)

a—1, b— =2zp, ¢ — ap® —m?*(1 — x) + ie, z—k

(300)
D = (k—z)? — (m? — 2p®)(1 — ) + ie (301)
A= (m?—zp(1 —x) (302)
D= (k—ap)? — A+ie (303)

:216 /da:/d4 _ 2m — }

—xp)? — A+ ie]?
(304)
| shift the integrand.

7=Fk— k=q+ap, d'k=dq  (305)

2m — g —xp

d4

Za(p 271' / / — A +ie€)? (306)

The term with one factor of ¢ in the numerator is odd and
integrates to zero.

So(p) = dq Qm_w (307)
2p (2m)* /0 / — A+ ie)?
2ie2 1 dq
b = dzr (2m— —_—
2ie? !
by = — 2m — xp)l
2(P) = Gy /O dz (2m — zp) (309)
d*q
I=| 57— 1
/ (¢ — A+ ie)? (310)
| use power counting to see if this integral diverges.
]IN/ W _0n, Ao (311)
1 9q

It diverges logarithmically. | use dimensional regularization.

iud—de?
Yo(d,p) = 2” / dz (2m — xp)l(d) (312)
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d
I(d) = / (q2qu+ie)2 (313)

a(p) = X2(4,p),  T=1(4) (314)

In my Real Scalar Field Notes | derived

dip imd/2 44
/ (P> —A+ie? A2d/2r( 5 ) : (315)
jmd/2 4-d
I(d) = 5=t <2> : (316)
2rd/2p2 . 4—d . om
(d p) ﬁﬂf dF <2> / dx zQ 7
(317)
EQ(?) = ll_rf(l) 22(4 — 6,?) = 22(4 — 67?) (318)

Where the limit € — 0 is implicit in the last equality.
27.[.2—6/262 € 1 xp —9m
)y :761"(7)/(17 319
2(?) (27_‘_)4,6 H 9 0 <L A6/2 ( )

2m2e?(2m) s /€ Loap—2m
22(¢)=(27r)(47r2/2”1“ (§>/O dacpAT (320)

£a(p) = 5 (207’ /dﬂ”Aeim (321)

The fine structure constant is

o e [ € xp —2m
S(p) = -2V () /0 w2 )
| expand around € = 0.
A2 = dme™ " p? (324)

Where v = 0.577216 is the Euler—-Mascheroni constant.

h(p) = 2W/ dz (ap — 2m) {2“”(:)] (325)

(67

a(p) = %

/01 o (ap—2m) [0 (e T 5)] @

15
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