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FIG. 1. Coefficient: —6i\

FIG. 2. Coefficient: —120ig

Part 1
Problem 1

1. LAGRANGIAN

o o mT 9 Aa 9 6
< = 2 20> 4¢ 6¢
2 UNITS
L =n,  [o]=5-1

[Z]=¢"] = N =n—dl¢]=4-n

[£] =[9¢°] = lg]=n—6[¢] =6—2n

(N=4-n| |lg=6-2n]

In 4D [A\] =0 and [g] = —2.

3. FEYNMAN RULES

The propagator is
v
p2 —m? +ie’

The interactions are in Figs. 1 & 2.

4. RENORMALIZATION

This Lagrangian does not have an 8-point interaction
(¢®). If the one-loop 8-point graph (Fig. 3) diverges there
is no counterterm (Fig. 4) available to swallow the infinity.

4 4
F=_ Bn=>_ kn
n=1 n=1

(7)

FIG. 3. ¢
—»1 ];1
7o k2
D3 ks
P K4

FIG. 4. This counterterm vertex does not exist.

5. LOOP DIAGRAM

4 _ (F120ig)?

(2m)*
S is the symmetry factor.

ﬁ':

S/ 4 i
qqg—mQ—i—ie((j'—ﬁ)Q—mg—i—ie

dq
{I*oc/ - — .
(¢ —m? +ie)[(7— p)? — m? + ie]

5.1. Feynman Parameters

1202 / dq
g°S
(2m)* (¢2 —m2 +i€e)[(7— P)% — m? + i]

9)

(10)
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5.1 Feynman Parameters
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5.2. Complete the Square

2 2

9 b b
ar“+br+c=alz+— ) +c— —
( Qa) 4a

D=[7— (- )P — A+ie
A=m?—(1-z)zp?

5.3. Shift Integrand

. oc/o dx/ (l7- (1 —x)d;‘}i — A+ie)’

k=q—(1-2)p, d*q = d*k

ﬁa/dx/ A+16

5.4. Divergence

A 3 A
k dk
~ AT e T A —
3t /1dkk:4 /1 3 nA, 0

6. CONCLUSION

(23)

Diagram %t diverges so this theory is non-renormalizable.

QED.
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Part IT
Problem 2

7. LAGRANGIANS

The bare Lagrangian is

2 2
(8(153) - %Qﬁ _ngszB(bB' (24)

L = 'J}B(i$+mB)wB+

2
(0¢)? = 0" (9a0)(0p0) (25)
Vs =\ 220,  mu=\Znm,  b5=1Z30,
He = \/Z>H/‘7 9s = Z19 (26)
L = Zop(id + \/Z m1/)+Z(a¢) ZZ“¢2

- zleJZT, gbs  (27)

o o (09)
L = ZoithPh + Zo/ Zon mipih + Zs 5

— 21727 Z3 g 28)

Zy =20\ 2, Zs=Z1Z2\Z3 (29)
2
# = Zaitdi Zamii+ 2,00 2,2, 2 79
(30)
Zi =143 (31)
2
L = (14 62)ipdp + (1 + da)mipp + (1 + 63) (8;5)

2
— (L4 8)(1+0,) 507 = (1+ d5)gdwe  (32)

(09)
2

L = (14 62)idbdp + (1 + 6)mibp + (1 + 65)

2

— (L 0+ 0+ 630,) 507 — (14 G5)gubwrs (33)

| drop O(6?) terms.

L = (14 62)ipd + (1 + 4)mipp + (1 + 63)

(09)
2

2
— (U6, 4 62) 507 = (14 85)gdpg (34)

2 _ 242 ~ B
L =i +m)y + M - gwwczs + Gaitp Py
2
T i + 8,00 g 1 g - ¢2 — Ssgivd
(35)

The interaction Lagrangian is

|4 = —guvo] (30)

(89)* — p?¢?
2

76M¢2 ¢27

L =9¢(id +m)yp + L+ Saih P

+
(09)

5991
(37)

+ 54771151/1 + 53

| integrate by parts.

(00)% = 0P (0a0)(050) = —¢n*P0a0pp  (38)

1°%0,05 =0f — V=0,  (0¢)*=—¢06 (39)

2
2 =i +mpp— PO i
2
+ Samaprp — 9100 + (65 ol d5g1p  (40)

The free Lagrangian is

2% = 2000 +m)v — o0+ 1P)o| (41

The counterterm Lagrangian is

¢030 + (6, + d3)p*]p
2
—0590p.  (42)

= P(i0a@ + dam)yp —

& =%+ 4+ 2] (43)

8. DIMENSIONS & DIMREG SCALING

8.1. 4D
G=1  Wl=3 [Z=1 @)
(2] = lgvvg] = [gv°¢] = [g]+2[W] +[g] = l9] +4 =

4=[g]+4 = [g] =0 (45)
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8.1 4D
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YV —

p——

FIG. 5. Propagators

Particle Spinor
incoming fermion Us
outgoing fermion Us

incoming anti-fermion| o5
outgoing anti-fermion| wvs

TABLE I. Momentum eigenspinors for external fermions.

8.2. dD
W=5-1. W=%" [#Z=d (o)
2] = lgvs] = o] =d—2W] -l =2-5 (47)

8.3. DimReg Scaling

To keep g dimensionless in d dimensions | introduce the
scale

g—gBY 2 g =1, (48)

SO
(98472 = g+ (804~ = 3077 = 258 -
2— g. (49)

The Euler-Mascheroni constant is v ~ 0.577216.

9. FEYNMAN RULES
The propagators (Fig. 5) are
) . p—m
~— ~ . 50
¢ p? — p? +ie v ZpQ—mz—i—ze (50)
External on-shell fermions are capped with momentum

eigenspinors (Table 1). The interaction vertex is in Fig. 6.
The counterterm vertices are in Figs. 7-9.

9.1. Counterterm Coefficient

_ HOs0+ (0 +3)p?]¢ |, i[=03p® + (5 + I3)’]
2 2

= i[6sp® — (0, + 83)p”]  (51)

FIG. 6. Coefficient: —ig
P——Q—>—7
FIG. 7. Coefficient: i(d2pp + dam), see Schwartz Eq. 19.13.
e 2 for 2 identical fields
* 0¢ — —p?
10. ¢ SELF-ENERGY

| evaluate Fig. 10. The external particles are off-shell.

g—p-—m

(G- P —m? +ie

=m 1 (s

g% —m?2+ e

(—ig)i

Tr [—igi

The symmetry factor is

2 2
S=g5=5=1 (53)
P [ Tg—p-m)g—m)]
V= e / UG —m2 4 i@ — 2 1 i)
(54)
_ 92 4 N
V= e / G e+ i@ — 2+ i)
(55)
N =Te[(¢ —p—m)(d —m)] (56)

N =Tr(¢* — mg — pg + mp — mg + m?) (57)
N = Tr(¢* — 2mg — pg + mp +m?) (58)

N =Trg* — 2mFrg — Tr(pg) + mBep+m?> Tr I (59)

I is the (usually implicit) identity matrix.

N = Tr¢* — Tr(pg) + 4m” (60)

P> 7

FIG. 8. Coefficient: i[d3p* — (5,, 4 d3)p?], see Sec. 9.1.


http://dft.uci.edu
http://dft.uci.edu/publications.php

10.1 Feynman Parameters
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FIG. 9. Coefficient: —idsg

q-p

=y
S

FIG. 10. Diagram Q with symmetry factor combinatorics.

N = aqs Tr(v*9") = ggpa Tr(v*97) +4m*>  (61)
Tr ('y“’yﬂ) = 477”‘/3 (62)

N = 4gaqsn™ — 4qapan” + 4m® (63)

N =4(q* — G- p+m?) (64)

®:_4f./¢q ¢~ Ftm?
(2m)* [(T—P)? — m? +i€](¢> — m? + ie)
(65

2

— — 2 2

g 4 7-p—q*—m
Q /dq —
[(§—p)?

T 4t —m? + i€](g? — m? + ie)
(66)
10.1. Feynman Parameters
2 2 2
g 4 4°P—q —M
44 / q AB (67)

1 La
15= ) _Dﬁ, D=A+(B- A
1 2 2
g 4 g pP—q°—m
@—44/dq/0 dx e

10.2. Complete the Square
2
9 _ b b?
ax“+br+c=alxz+—) ——+c
2a 4a

D =[j—(1-z)p]* — (1—2)*p*+ (1 —z)p* —m> +ie
D=[7- (1—x)ﬁ]2—m2—|—(1—x)xp2+ie
A=m?— (1- a?)xp2

D=[7—(1—-2)p]*—A+ie

2 1 oo 2 2
0= L [ dn fatg TP
4t Jo ([7— (1 —2)p]2 — A +ie)

10.3. Shift Integrand
k=q-(1-2)p,  §=k+(l-a)p,  d*k=dq
2 1
g
== d
Q 1 ) x
il (= o)p] g [k + (- o)) - m?

(68)

(69)

(77)

(81)

(82)
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2,1
g
Q= 47T4/ dx

+ (1 —2)p]-p— [+ (1 —2)p]* —m?
/ o’ (@ —A 1o (83)
A=m?—(1—x)zp? (84)
4 W ¢° —
/ d'q — A +ie)? (85)
47‘(’4A d:r/d4 . sze) (86)

H—/d‘lq f—/d4q2(87)
T @-atior T T ) Y@ AT

2 gl
O=_2

i | drAT+ ) (88)

10.4. Divergence

A 3 A
Hw/ dq = W _jh A (89)
1 q 1 9

A 5
JN/ dqq—4
0 q

10.5. DimReg

A
— [ dgg~ (90)
0

dd 2
0= [ G=s T 9= | Mgy

(1)
/ dp _ind? r(A-d
(p?2 — A +ie)2  A2-d/2 2

/ddp p2 _ dﬂ-d/2 T 2—d
(2 —AtieR  2iA-d2 \ 2

/2 4—d dnd/? 2—d
d) = Re=imt <2)7“’ (d)_zml—d/2r< 2 )

(93)

(92)

I(d) = %(m)dﬂr (2 — ‘21> (94)

I(d) = %(m)dﬂr (1 +1-— Z) (95)
Iz +1) =al'(z) (96)
I(d) = AZQ( A2 (1 ;) r (1 - ‘;) (97)
T d/2
7(d) = %F (1 _ ‘;) (98)
4—d 2 1
Od) = -2 S /0 de[AI(d) + ()] (99)

474

O (d) = iw(d_nr (1 - g) /01 d (”AAWZ (100)

10.6. Return to 4D

V=0@4)=0@4—¢), €0 (101)

V=i ’3692(3— )F<;—1)/Oldx(wze/2 (102)

4t

@iﬁ;(?,e)r(;g/oldxA(\/%)E (103)
@:ég;r(;)fjg/oldm(\/%)e (104)
C?zgg;/oldxA<\/%>E§:;r(;) (105)

O_;";/OldxA[i+372l+gln <7TB§)] (106)

ig2

o2

3 3y—1\ [! 3 [t A
{(—6—&- 5 >/0 dxA+§/O dmAIn(ﬂz>}

(107)

1
11:/ dz Aln (;ﬁ) (108)
0

1 2
/dxA:mQ—p—,
0 6
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P79

FIG. 11. ¥

. 2 2
_ gt 3 31 2 P\, 3
@7%2 K €+ 5 )(m 6>+2I1] (109)

2
2 P\, 3
(m 6)—&-21—1}

(110)
_ ig” (9% — 6m?) + iF (111)
4r2e P
2 2
g p
F=.5 {(?w —1) (m2 - ) + 311} (112)
F is finite.

11. SCATTERING: ¢ — ¢

To extract counterterms | need Green's functions or scat-
tering processes. Consider off-shell ¢ to ¢ scattering. If the
scattering is on-shell p? = 12 and | might not get both (4,
and d3) counterterms. The trivial part of the S-matrix is
free propagation (Fig. 5). To leading order the non-trivial
part Is

M=0+3, (113)
with & in Fig. 11.
8 = i[d3p” — (8, + d3)n”] (114)
M= ig” (p? — 6m?) +iF +i[03p® — (8, + 63)p] (115)
= 1oag (P7 = 6m”) i +i[d3p w03
2
Moc Lo (p? = 6m?) + F +80p” = (8, + ) (116)
2 2
9 2 397 2
M (47726 +53)p T L (5B (117)
| use minimal subtraction.
2
_ g
b=~ 5 (118)
2 2
_ 9 2 397 o
MxF <5u 47T2€) B =5 am (119)

—

p

;T_T“‘) =

o

<a

B%
Sy

This implies
2 2
9 2, 397 9
0, — =0. 120
( . 47‘(’26) wor onZe (120)
2 2,2
3
b= T — (121)
472 2m2e p?
2 2
g m
= 1-6— 122
12 47T2€ < 6 /1/2 > ( )
12. ¢ SELF-ENERGY

Diagram & in Fig. 12. External spinors are off-shell.

S 4
&= i [ 0
F—q)2— 12+ ie(—ig)iqg e ie(—ig) (123)
4 x2
5= 2 1 (124)
_ 92 4 g—m
4= /d =02 -2 +id(¢® —m? + ie)
(125)

12.1.

Feynman Parameters
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1 Ldx

a5 =), pr P=ATB-Aw

2 Udx
#= G [P0 [ 5

—-m
d4qg 5

1
dzr
0

D=¢+[(F-q)?—q" — > +m’|lz —m® +ie
D=q¢+(p*—27 p— pi* +m’)z —m’ + ie

D =q* 227§+ (p* — p® +m?)x —m? +ie

12.2. Complete the Square

(128)

(129)

(130)

(131)
(132)

(133)

D= (7—xp)? —m?+[(1 — 2)p* — p® + m?|x +ie (134)

T=m?—[(1-z)p® — p? +m’x

D= (7—zp)? = +ie

. g* ! . 4 qgd—m
.= <2w>4/0 I /d Ma—ap)? =T +ie?

12.3. Shift Integrand

— ap, G=k+ ap, d*k = d*q

Nl
'Ql

}é—!—zzzﬁ m
— T +ie)?

/d“km =0
27r / dx/d4 xﬁT :—nze)

B g2 1 d*k
®= (2%)4/0 dx(zpm)/<k2_T+i€>2

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

12.4. Divergence

I~ - = InA, A= o

12.5. DimReg

dk
Id)=| 5
() /(k2—T+z'e)2
/ dp _imd/? r(4-d
(p?2 — A +ie)2  A2-d/2 2

md/? 4—d
ld) = o=am’ <2>

4—d 2 1
ad) = 5(277)?1 / dz (zp — m)I(d)

0
B Z'ﬂ_d/2547d92 4—d xp m
‘(d) - (27.‘.)4 F( 2 >/ dz T2 r2—-d/2

12.6. Return to 4D

ol () [a
-t [astap-m (<2) £ (5)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)
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P>

Ty

FIG. 13. &

2
9" (2 \(P_
CENE ]
o= o) +iz (159)
1672 p—2m)
2
_ 9 0, (P
= 6.2 |:_[2 5 <2 m)} (160)
13. SCATTERING: ¢ — 1
For off-shell scattering the leading contribution is
M=&+3, (161)
with € in Fig. 13.
& = i(dop + damn) (162)
7; 2
= Tor2e (p —2m) +iF +i(dap + dam) (163)
g
M x 1671'26(? —2m) + F + dap + 6am (164)
2 2
MO(<162 +52>,7)—|-<54—82)m+? (165)
This implies
2 2
-9 -9
02 = 1672¢ | 01 8m2e (166)

14. VERTEX LOOP

The diagram is in Fig. 14. This time the external fields
are on-shell. Conservation of momentum implies

P+ p1 = Pa. (167)

&= (25)4/ 4q(q,_ 41)21_ 2 e (P2) (=)
Z((f—i—é—;?—_mn;—kie(_i ) q* 117_712 —He( i), (P1)

(168)

10

- _,
P1S1 D2 82

S @731 1, Us, (D) = Unp (169)
o Ploig) / d'q
(2m)* (—p1)? — p? +ie
_ g+p—m g—m
170
u2((j’+ﬁ)2—m2—|—ieq2—m2+ieu1 (170)
&— g° / dq
(2m)* ) (§—p1)? — p? + e
N
171
@5 e +id(@ e rig T
N =ay(g +p—m)(¢d — m)u (172)
14.1. Kinematics
pPP=p?  pi=pi=m? (173)
PHp =P = (P491)° =p5 = p*+pi+20 51 = p3
= 25-py = —p®  (174)
14.2. Dirac Algebra
P =p2—P1 (175)
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N =ta(d +p, —p, —m)(d — m)us (176)
P ur =mun, Ugpp, = miz (177)
N :ﬂg(g—pl)(g—m)ul (178)
N = ta(¢* — mg — p,d + mp Jur (179)
In Sec. 20.2 | show
P = (180)
N = tia(q* — mg — p, ¢ +mp Jur (181)
(A" =" = Ayt =2 Ay (182)

dp = ¢app¥* 7’ = qapp (2P —4°4*) = 24-p—p¢ (183)

N =1a(q> — mg — 24 P1 + dp, + mp,)ua (184)
N =y(q* — 24 - 1 + m*)uy (185)
N = tGouy (¢® — 27 - py +m?) (186)
N=9B(¢—-27-p1+m?), B=uou (187
P 9°B / d'q
(2m)* ) (@ —p1)? — p? +ie
2 — 27D 2
LA (s9)
(74 P)? — m? +ie] (g — m? + ie)
14.3. Feynman Parameters
A=q% —m?+ie, B = (7+p)* —m? +ie,
C=(7—p1)? —p?+ie (189)
3 2 = = 2
9B 4 q°—2¢-p1+m
- d 190
+ (27T)4/ ABC (190)
1 ! dz+y+2z-—1)
—— =2 [ dedydz—-""—2,
ABC /0 vayas D3
D=zA+yB+zC (191)

11

3
g°>B
s 3

1
I / dedydzdé(x+y+2z-1)
0

a4 q* —27-p1 +m?
q D3

(192)

D = x(¢* —m? +ie) +y(¢® +p* +2q- p— m? +ie)
+2(¢> +pt —27-py — p® +ie)  (193)

m? (194)

pi =

D =w(q* —m® +i€) + y(¢*> + 27~ F+ p* — m? + ie)
+2(¢* — 27+ i — p* +m? +ie)  (195)
D= (z+y+2)¢*+27 (yp— zp1) + (y — 2)p*
+(z—x—y)ym?® + (x +y+ 2)ie (196)
The delta function enforces x +y + z = 1.

D = ¢*+2q-(yp—2p1)+(y—2)u +(z—z—y)m*+ie (197)

D = ¢*+2q-(yp—2zp1) + (y— 2) > + (22— 1)m> +ie (198)

14.4. Complete the Square

b 2
)

D = (q+yp—2p1)* = (yp—2p1)*+(y—2)u° +(22—1)m* +ie

b2
- —+c

ax2+bx+ca<:c+
4qa

(199)

(200)

D = (q+yp—2zp1)* — y*p* — 2°p} + 2y2p - i
+ (y — 2)p* + (22 — 1)m? +ie  (201)
pP=u  pi=m? 25 P = (202)

D = (qH+yp—2p1)* +(y—2—y* —y2) p* +(22—1—2*)m? +-ie
(203)
y—z—y —yz=y(l—-y—z)—z=ay—z (204)

D = (q+yp— 1)+ (wy — =) — (1 —2)°m? +ie (205)

D= (§+yi— 2p)? — O +ic (206)

U= (1-2)7>*m%— (zy—2)pu® (207)
3% 1

&= 98?/ dedydzdé(x+y—+2z-1)
0
2 —2q - p1 +m?
dig—1 (208
ey
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14.5. Shift Integrand
F=q+yp—zp, §=Fk+zp —yp. d'k=d'q (209)
3 1
_9B _
&= g 4/0 drdydzdé(x +y+2—1)
/d4k(E—yﬁ+Zﬁl)2—Q(E—yﬁJrZﬁl)~171+m2
(k%2 — U +ie)3
(210)
3 1
_9B _
&= g 4/0 drdydzdé(x +y+2—1)
/d4k(E—yﬁ+zﬁl)2—%+2yﬁ-ﬁ1—2zp%+m2
(k2 — U +i¢)3
(211)
pP=pt pl=m? 25 p=—pt (212)
3 1 4
9°B d*k
N L —
L) ) 4/0 dvdydz6(z+y+2 )/(k2—U+ie)3
[(k — yp+ 2p1)? — yu® + (1 — 22)m?]  (213)
3 1 4
g B d*k
*_787r4 ; drdydz§(z+y+z 1)/(k2—U—|—ie)3
6%+ y°p? + 2°p} + 26 A=pT=yp) — 2y2P - P
—yu® + (1-22)m? (214)
&——/ dedydzdé(x+y+2z—1) /d4
K+ y°p* + 2°p = 2y20 - p1 —yp + (1 - 22)m? (215)
(k2 — U +1i¢€)3
3 1
_ 9% B
&—8? ; dedydzé(x +y+z—1)

2 _ 2 _ 2,2
/d4kk +yly+z—1)p +(-1 2z 4 2°)m (216)
(k2 — U +1i¢)3

3 1
_ 9%
*_W ; dedydzdé(x+y+2z-1)
k? —ayp? + (1 — 2)?m?
d*k 21
/ (k20 +ie)® (217)
d4
I= I = | d'k
/( — U +ie)3’ / U+ze)
(218)
9B !
*:874/0 drdydzdé(x +y+2—1)
(F +[(1—2)*m® — ayp®l)  (219)
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14.6. Convergent Integral

/A dk 1

ﬁfvp, A—>OO

A 3
k

3 1
ix— 9 _
i = 87T4/0 dedydzdé(z+y+2-—1)
(1= 2)%m? — ayu?]l
T is finite.
g*B [
&:i%3+8—4 dedydzdé(x +y+2z—1)5
0

14.7. Divergent Integral

A 5 A
k dk
1 1
14.8. DimReg
T:QQf:gQ/d‘lk K
(k2 — 0 +ic)®

1
&:i‘BS—Fgli/ dedydzo(x +y+2—1)T
T Jo

ﬁ4d/dd

From Schwartz Eq. B.35:

U+ze)

dk k2a
/ @m)d (k2= A +ie)b
i(—1)2~? Tla+d/2)T(b—a—d/2)
(47)d/2 Ab—a—d/2 T(b)[(d/2)
k2
/ddk(k2 —O+ie)®
i(=1)722m) T(1 +d/2)[(2 — d/2)

(4m)/252-4/2 " T(3)[(d/2)

U (k2 — U +ie)3
im

202—4d/2

fors

a2 T(1+d/2)T(2 - d/2)

I'(d/2)

(220)

(221)

(222)

(223)

(224)

(225)

(226)

(227)

(228)

(229)
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(1 + d@%? —d/2) _ gr (4_261) 230)
[t S (55)
T(d) = inggizfjjdr (4 o d) (232)

14.9. Return to 4D
T=TA) =T@A-¢), €0 (233)
T= m@ — T (%) (234)
11=292¥(4—e)(véu>6r(;) (235)
f=g*n* [In (f;) - % - ] (236)
jusz”?+ﬁ (237)

1
&:i%%—kéqli/ dedydzd(z+y+z—1)T (238)
T Jo

1
F:i/ drdydz6(z+y—+z—1)f (239)
81 Jo
ig®B !
0
F=3+F (241)
F is finite.
! 1
/ dxdydzé(x+y+z—1):§ (242)
0
PR (243)
—! 8m2e

S

P11 p2 s2

FIG. 15. 1 ¢ —

S

—

P1 S1 D2 S2

FIG. 16. =

15. SCATTERING: ¢ ¢ —

15.1. Leading Order

There is one tree-level diagram (Fig. 15). | don't evaluate

it because it won't yield a counterterm.

15.2. Leading Correction

The leading correction is

AM =&+ ¥,
with  in Fig. 16.
= EQ(—’i55g)U1 = —i55gﬂ2u1 = —2559%
. i*B
AM =iBF + — 10598
8m2e
g g
A —— — 059 = —— — 4
MOC}——'—Sﬂ'Qe 59 ]:+<87T2€ 5>g
This implies
2
g
Sx —
> 7 872
16. 061 & 6
Zy = ZaN Zm

13

(244)

(245)

(246)

(247)

(248)

(249)
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Zi\?
Ty = (Z2> (250)
Zi=1+4; (251)
1444 ?
Om = -1 252
(1 —|—52) (252)
2 2
g g
= —— = 2
02 1672¢ 04 8m2e (253)

| take the |g| < |e] < 1 limit.

- 8?;9226 (254)

Zs = Z1Z2\/Z5 (255)

71— %\/573 (256)

% = 87gie’ % 74;qr22€ (258)
6 = 12526 (259)

14
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Part 11
Problem 3

17. LAGRANGIAN

The QCD Lagrangian with one quark field and no ghosts
(I don't need ghost fields at tree level) in Feynman gauge is

2= —mp— £ - O] (260)
AT = 1”9, AT = O A° (261)

8
(04)2 = 3 (04%)(94%) = (9A")(0A")  (262)

a=1

| make the sum over repeated adjoint indices implicit.

8
F? =) " Fi F = FS, F (263)
a=1
8
a a a abc pb pc
Ff, = 0,A% — 0,A% +g > freAb AC
be=1
= 0, AL — 0, A% + gf**° AL AS  (264)
F? = (9,A% — oy A}, + gf“bCAZA,C,)
(aﬂAau — 9V Ak + gfadeAd,u,AeV) (265)

F2 = (9, A2)(9" A™) — (9,45)(0" A™)
0" (D, AD) A A (0, A7) (9" A™)+(2, AG) (7 A"
_ gfade(ayAz)AduAeu _,’_gfabc(auAau)AZAlc/
_ gfabc(auAau)AZAlcj 4 92fadefabcAl;LAlc/Ad,uAeu
(266)

F? = (9, A7) (9" A™) + (9, A},) (9" A™)
— (0, A)(0"A™) — (0, A7) (9" A™)
S (B, AD AT AT g [0 A )AL A
ade a d ev abeav ga b gpc
= gf (0L AL AT A — g f*¢(0V A™) AL A
+ ngadefabcAZAlc;AduAeu (267)

F? = (9,A7)(9" A™) + (9, A7) (9" A™)
— (0uAD)(0"A™) — (0, A;) (97 A™)
S0, AL A A gD AT AL A
abe a b cv abc/av fa b gpc
= gf (O AL A AT — g fU(0" AM) AL AL
+ g2fad6fabcAZAlclAdu,Aeu (268)

15

F? = 2(9, A2)(0" A™) — 2(0,A%) (0" A™)
+gfabc(ap,Aall)AzA;:/ +gfabc(8'uAaV)AZAlc,
abc/av ga b gpc abc/ v ga b gc
— g (0" AM) AL AL — gf (0" A AL AT
+ ngadefabcAzAlc/AduAeu (269)
F? = 2(0, A7) (0" A™) — 2(0,A5)(0V A™M)
abce av\ Ab pc L Aav Ab pc
+ gf [(aHA )A/,LAV + (al A )AuAu
v pa b gc v pa b gc
— (0VA") AL AL — (0VA"M) AL AT
+ g2fadefabCAZA5Ad‘uAey (270)
F2 = 2(9,A2) (0" A™) — 2(5,A%) (9" A*)
+ 2 f (@A) AL AG — (97 A) Al A
+ g2fadefabcAb ACAd’uAeV

pntty

(271)

At tree level there is no 4-gluon vertex for the ¢¢ — gg
reaction. So | ignore the AAAA term.

F? = 2(8,A7) (0" A™) — 2(9, A) (9" A™)
abc b gc av b pcAv pa
+2g fU(AL ACO A — AV ACO”A) (272)
F? = 2(8,A7) (0" A™) — 2(9,A) (9" A™")
+2g(f*e AL AZOM AW — fob AT ALY A (273)

fabc — *faCb (274)
F? = 2(0,42)(0" A™) — 2(9,, A%) (8 A)
abcy Ab fgc av b pc v ga
+2gf% (AL ACOM A 4 AL ACOY A™)  (275)
F? = 2(0,42)(0" A™) — 2(9,, A%) (0 A)
abcy Ab fgc av b pc av
+2gf?e (AL ACOH A 4 Ab ACOMA™)  (276)
F? =2(9,A7) (0" A™) — 2(9, A) (9" A™")
+4g AL ACOm A (2TT)
(0uA7)(0" A™) — (0, A7) (9" A™)
2

— gf " AL AL DM AT (278)

L =P(il) —m)p +
(04)?

2

L =Y — i — g AL AL A
(0, A2)(0 A™) — (9,A42) (9" A™) — (9A)?

* 2

(279)
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3
b= hith = Pty

i=1

(280)

(041)? = (9, 42) (" A%), (042)* = (9, A42)(D" A"

(281)
L = i — mibp — gfobe AL ASOF A
J DAT 08 O )
(dA)? = (94)? — (945)7 — (DAY (283)
L =iy Py — mapp + @ — gf“bCAZAﬁé”A‘“’ (284)

2
<L = iq}/;ryl‘Dﬂw _ m@;d) + % _ gf“b“AﬁAf,aﬂAa”
(285)
3

WA Dyth = Y hi(8iyi Oy + gy ALT ), =

ij=1
Pi(6i5i7" 0y + gy ASTE )05 = i@ + g A T )b
= i0;10i P05 + g A T 0; = i@ + gibi A T,

= i@y + gihi A Tb;  (286)

) . C(day
£ = i+ b AT, — miy +

— g AL ALOF AT (287)

Z

T (dA)2 7 A%a abcAb A HF AW
= P(id—m)p+ 5 +9i A T —g [**° A} AL
(288)
- dA)?
2= (i)~ mp + %) (289)
= ghiA Ty — g AL ADOM A (290)
o)
18. FEYNMAN RULES
The quark () propagator is
, P . 50
S o L,. (292)
PpP—m+e

16

na

pc

FIG. 17. The coefficient is gf**°[n"* (£k F §)” + n"? (5 F
7" + n*(£§ F K)”], with the top/bottom sign for incom-
ing/outgoing momenta. Note how the terms are generated by
moving counterclockwise.

J i
FIG. 18. The coefficient is igy"T;;, where the left/right in-
dices i/j are assigned to outgoing/incoming lines.

The gluon (A) propagator is
vb 10920290209999000 - i@ L _m

p2 + e
The two relevant interactions are in Figs. 17 & 18.

Real on-shell external quarks are capped with momentum
eigenstate spinors (Table I1). On-shell photons get polariza-
tion vectors (Schwartz Sec. 8.2.2). So do on shell gluons
(Table I11).

5. (293)

19. KINEMATICS

— —

P1(q) +p2(q) — ki(g) + k2(g) (294)
P=p+p =k +ks (295)
s = P?
t=(p1— k1) = (2 — ka)? (296)
u= (1 —k2)? = (P2 — k1)’
Particle Spinor
incoming quark Uy
outgoing quark al
incoming antiquark| ¢
outgoing antiquark | v’

TABLE II. Spinors for external quarks: s = 1,2 is the spin
index and i is the color index. The u and v spinors are defined
as in QED (see my QED notes). Color is independent: ug

usx".
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Particle Polarization Vector
incoming gluon €y
outgoing gluon €

TABLE III. Polarization vectors for external gluons. Same as
photons in QED with color added independently: € = €,e®.
There are 2 independent polarizations: o =1, 2.

o2 bv o1 a i

S2 ) Do P1 811

FIG. 21. &[s]

‘[ } =g UQ’VaTd 77065 5cdfabc ax* b*

[l,l v2
s2 j Prosii [ (ks — k1)P — n”ﬁ(kz + P 4 0P(P+ k)" (301)
FIG. 19. &[] | make sums over color indices explicit. We do not sum over

external colors (i, j,a,b).

8
20. TREE LEVEL M
‘ _ 92 Z ?72’}/0Td i 77a/3

5(‘d abc ax* b*
Jt Uy s f

Ml v2
cd=1

There are 3 tree level diagrams (Figs. 19-21). o o o . L o
grams (Fig : " (R — F)? =" (B + P+ PH (B4 F1)] (302)

iM = B[s] + B[t] + ®[u] (297)
20.1. &s] =y Zvﬂﬁ Tiul = f*erers
[ (ks — k)P — 0P (ks + P)Y* + n°*(P + k1)¥]  (303)
‘[8} _ ﬁéig’}/aTdUl B2 7_7:4[3 5cd fabc
o o _ 2 ~J aberpe 4 = _ax bk
[ (=ky o) 0P (< = Py ™ (P ) e ey sl =9 z_;vﬂﬁf T €ucon
(298) L= L .
" (ks — k1)? — 0P (ks + P)" + 0" (P + k)] (304)
» ; P “ 0 7 From Schwartz Eq. 25.8
’Ué = v} (p2) Uy = U’sl (p1)7 6;41 euol (kl)
b 8
€y = €y (K2)  (299) 10,1 =Y fobere. (305)
€0 (300)
8
aberpe b a
o ap b ;f T¢ = i[T" T% (306)
h 2 M}gvmWThw%$
2‘72/ k1= 7 [ (ks — k)P —0"P (ks + P)* +nP"(P + k1)¥]  (307)
j p’ ) i —j i _ax bx
=/ prove W] = 92;[Tb>Ta}jiU%76U16u1€g2

FIG. 20. #[u] [ (kg — k1)P — 0”8 (ky + P)* +1°*(P + k1)¥]  (308)

17
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20.2  B]t]
i —7 W 7
O[s] = g* [T, T)ivdyp (0™ (ka — n)”
— "2 (ky + P)" + 1P (P + k1) |uieliels  (309)
{ a _7 v
Ws] = o7 (1", 7)o (vahs — 75k7)
— y50"? (ka + P)* +ysn (P + k1)"]ubeliels  (310)

As| =g ki) — " (ko + P)*

+ (P A+ k) ul el e

{ al  =J [ pv
;[Tva 15T (" (Fo —

(311)

P =k + ko (312)

N[ =g° " (fy — ky) =" (ky + 2k2)"

Y (2k1 + Fa) Juielrels

) ol =
g[Tb&T ]ﬂv%[

(313)

M| = [Tb T 0 (ks — K1) — 7" (RY + 2K5)
7 (2k7 + k/‘z)]“lefﬁe% (314)
i a — v _a*x bx
Ns| = 92;[Tva ]‘ivz[ a M1€g2(k2 '%1)
— Y (KY + 2k et el + M (2KY + kS )eiielslui  (315)

{ ) [ =ax e *
Ol = g* [T, T)vy [ - &7 (K, — 1)
— e (klent + 2k ) + el (2T es + Ky el
(316)
i Sa* —» *
Mls| = g [T", T°];ioh [ - & (ks — )
—;fg*(E -ﬂa*—|—2k2 ﬂa*) 7f (2/€1 ﬂb*_i_kz ﬂb*)}uzi
(317)
Polarization vectors are transverse: &(j7) - p'= 0.
Ws] = Z*[Tb T3 - & (K — K1)
245k - €0 4 241 Ky - €2 Jul (318)

20.2. &[]
— ~J v - npa ax _bx
= Uyigy T}, —igy" Ty, U16H1€u2
e P Fy—m+ie

(319)

18

2 i b Jnm b
- 17 ~T: 77"T“ et e
n pnltv
nm=1 pl k m
(320)
g’ - b 1 b
A== oly ”TmT HTub et ely (321)
¢ n=1 pl
7 < 1
= Z jn m”Q’Y mV”UﬁﬁG% (322)
oyt 1
ZTanTﬁz = (T"T);; (323)
g b j 1 b
' Y 7(T Ta)jﬁ%ry’/ﬁﬁfy ule;ﬁey; (324)
1 1
1 p+m pt+m (325)
p—m  (p-m)p+m) p*—m?
P ="y pv =¥V Dby (326)

29 = AT A = A A A Y =

[T+ {7 (327)
T % T %
V,WV:[W m]z{v i (328)
no AV no~V
P = V", ¥ pupy +2 " 2" bpupy (329)
A pupy =7 —p* =0 (330)
2 {PYM?'VV}p;LpV
= Aoe 1
p 5 (331)
{v" "} =20 (332)
2 __ pv oL 2
P =0"pupp=P-D=p (333)
1 +
_pEm (334)
p-m  p?—m?
g brpay  =JaV p_kl—’_m ax _bx
O] = T (T°T9) ;ivhy APl eV
[t] = i ( )jis (7 kl) mz’Y 1€41€02
(335)
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t=(p1 — k1) (336)
g bafjupl k+ uza*b*
ot = Ly Bt e (337
2 ba
g (T T ) 1 — v ax*x *
M| = m v} (P, — Ky +m)y" U1€,L1652 (338)
(TbTa) ] i 4 * 0%
N = W v (P! uf — fy v ul +mytul e 21632
(339)
P = paY Y = pa(2n™ —AH) =
20 — Y pa = 2" —AMp  (340)
(Y =2 = Aty =29 =y (341)
2 ba
g (T°T)ji 5
=2 = gt
‘[ ] i(t 7 mz) 5]
(2pful — v put — v ul + matul)elieds  (342)
pu(p) = mu(p) (343)
2 ba
g (T°T)ji 5
t| = ———2—
‘[ ] -(t 7 mz) U3
2pful — matul — Fyyiul + matul)eiiels  (344)
(TbTa) 1 i i\ _ax
Nt = mvz’y (2pyuy — FyyHule ;Llell:Q (345)
2 ba
g(TT)—u ax bx
At] = rmg;zvb (2} — k" uiepiers  (346)
(TbTa) 7 v _bx a* a* i
Nt = W%W 6?/2(217/; €ul %17“%1)“1 (347)
- 2 ba
19 (TT)7 * —a —»a* i
At = Ttﬂv% > (2D — K )ur | (348)
20.3.  &[u]
_ 7. na . VTb ax _bx
n‘;l Va1g7y ]n% ? “m Z.e’Lg'Y U16H16u2
(349)

19

3 b
2 a nm
g” _j uan 1 ZZ—‘j'rLTimz(s

Au) = =-vly Yube® e (350)
5 U2 L Py — 1€1602
3
Z z}anngz5nm = ZTjanTrlZz = TaTb)ji (351)
nm=1
Al = LT i i (359
= J127%17p 71u1u2
2
2 _
g arpb\ =7 kll p2+m i _ax bx
B[] = —(T°T°) ;05" =————"ui€ €,
] = 5 (b g
(353)
u= (P —k1)? = (k1 — pb)? (354)
a % 7? +m 1 _ax*x *
Mu] =ig (T Tb) U%W m272_7 U1€H1632 (355)
T i _q * _bx
o) = CC it gy, — p, + ity (356)
-2 a
1g°(1T*T") i _ ax be
Mu| = % J( iy — VP, + my* ol Uleulfgz
m2 —u
(357)
p’yl“ p— 2p/‘ — 'Ylu‘p — ’)/'u'p = 2plL *p’y'u (358)
;2 a
1g°(1TT") 5 _ v,
Nl = ﬂ W (v — 205 + Pty )
eies  (359)
2 (rmarb
19°(T°T°) ji ax bs
Wu] = 777(12 — ) e
(B Ky — 20505 + Dhp " + mudy™ )y ul  (360)
o(P)(p+m)=0 = vp=—-mv (361)
- 2 TaTb iy
A = O i
(037" Ky — 2005 — mugy" + mugy )y uy  (362)
;2 a
19°(TT") i ax b
Mu| = ﬂﬂu@%(%”ﬁkl - 2p2”2)’7 ui (363)
- 2 a
19 T ) x _bx v, .1
ol = L0 it (i, — 2 (304
2 a
19 (T T ) ax ﬂa* * 4
M) = =Sl Ky — 25 )y | (365)
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20.4.

iM = Als] + A1)+ Al (366)
M rer Ha>~< * 1
e % TV Ky — 20 - )¢5 ul
TbTu 11 —j ;bx — —»a* i Tb7Tu ji g
s e o - — gy + T Dy
E @ (K — Ko) — 265 ko & 240 R - &
(367)

21. WARD IDENTITY CHECK

| replace external gluon 1's polarization vector with its
momentum
Q= M(EY — k). (368)

The Ward identity says O = 0.

M (TT%) i 52 o = e
72 mgi_,ivé(kl —2p> - k1)¢yu
ToT%),; T, 7%
+<m2—)1? % (217 ky — k) 1+4[ . l 3
[ _’b*(kz k) — 2¢ ko ki + 2%ﬂfl _’b*]% (369)
7T i P be g
O %’U%(k? — 2y - k1) foul
TT*);0 2 i, [T T %0
+ (mz _)Z U% o (2P1 - k1 — F)uy + [ 5 I 3
[ _’b*(kg k) — 2¢ ko Ky + 2%ﬂfl qb*]ul (370)
K=k =0 (371)
(T . (T
Q70<2[m2_tﬂp1'k1—m2_5; kl U2¢2 u1
Tb,Ta TR TS e
+%U%[kl‘€2b (kQ_kl)_2¢ k2 k1+2%1k1 1 } Uy
(372)
T , = TT) 55
Qo2 [(mQ_)tjpl k1 — (mi)j kl} v2¢2 ul
Tb,Ta o S b
+ %Uﬁ(kz — Fy 20y )y € — 2¢2 o - kl]
(373)

20

(TbTa)Jz S 7 (TaTb)ji M = U e
Qo2 [mtpl k1 — T2 P2 ki | v3fs ul
Tba Ta i —q - —bx *x7 T i
+ T i, + ks 2y Rt (379)
]3 = E1 + Eg (375)
@70 o @ 2] e
@ x 2 |:_:Z kl T_quz . kl 'l)2¢2 Ul
O T, e
+ %@%(Pkl e — 240k -k )ul (376)
s=P? = (ky+k)> =k} +k3+2k-ky  (377)
ki=k3 =0, pi=p;=m (378)
s =2k - ko (379)
(T*T)ji . & (T“Tb)a
00(2 mpl.kl_'rn?— 2¢2U1
[T, T - b Ny
+ ES VN (Pky - @ — s¢t)ul (380)
= (p1 —k1)? = pi + Kk} — 251 -y = m? — 21 - k1 (381)
21 - ky =m? —t (382)
“:(52_];:1)2:7”2—252'151 - 2]3'2~E1=m2—u
(383)
QO x [(TbTa) i (TaTb)ﬂ]U2¢2 ul
Tb T9) ., b o i
+ T it e — sghoyu (as)
* Tva v — —bx * 3
© o (1 1+ T Ry el — gt
(385)
k —'b* _oogbxy,
O o oy ul + 2 AU - 5ty )t (386)
. Ky - &b i . i
Q0 x vy{é ul + ! . 25 Pul — S v g (387)
—j sbx 4 bx 4 kl ng* 73
O oc vy up — 02¢2 uy + B s Pui (388)
k-
0 x W Pul o v Pul = UQ(p —|—p2) (389)
QO x @§p1u§ + ﬁgpQui (390)
Ppu = mu, vp = —mv (391)
Qo miul —mwiul =0 = Q=0 (392)

M satisfies the Ward identity. QED.
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