Physics 513 QFT: HW 8

Pavel Okun
Department of Chemistry, University of Michigan, Ann Arbor USA
(Dated: Thursday 25" December, 2025)
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1.1. Proving Eq. (1)

As the HW suggests | begin by proving Eq. (1) in the
HW

= {vwﬁ}; by

This equation has a typo. It is off by a minus sign (—p* —
p*). | fix this typo and reorganize

—pt —2iS"p,. (1)

290y = {y*,p} + ", p] = 2p* — 4iS"p,.  (2)

| use the notation and definitions in my QED notes, which
are consistent with Schwartz.

P=7"pv- (3)
e+ 0 =0 e+ Y] (4)
e+ B = A e + 0y (5)

— 4iSM = [y, 4"], Ay =20"1  (6)

I is the 4 x 4 identity matrix and 7 is the Minkowski metric:
n®# = diag(1, —1,—1,—1) in Cartesian coordinates.

(Y py + I pl = 20" pu I — 4iSHp, (7)

{1t pr + M pl = 20" — 4iSHp, (8)

Using the identity

2AB = AB + AB = AB + BA+ AB — BA =
{A,B} +[A, B

yields
29 = {y*,p} + V", p] = 201 — 4iS*p,.  (10)

Suppressing the identity matrix [ yields Eq. 2

291p = {3 p} + ) = 2" — 4iS™p, | (11)

QED.

1.2. Proving Eq. (2)

Now | prove Eq. (2) in the HW

p/’}/# _ {7 ’p}; [,Y ’p}

| make this look nicer by taking p’ — p. | also fix the same
typo again (—p* — p*) and rearrange

2y = (gt — g = 2P+ S, (13)

The identity

= —p" +2iS"pl,.  (12)

2AB=AB+ AB=AB+ BA—- BA+ AB =
{A’B}_(BA_AB) :{AaB}_[BVA] :{BaA}_[BwA]

(14)
implies

2pyt = {9} — [V pl- (15)
2pyt = {v"pt = [ =0 et = [V ] (16)
2py" = " pt = Yl = 0 e — Y Ipe (17)

2p7" = (", p} — V" p] = 20" p, I + 4iS*p,  (18)

2" = (= b = 2P T 4iSn (19)

Thus | proved Eq. 13, QED.
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1.3 Proving the Gordon Identity
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1.3. Proving the Gordon Identity

The Gordon identity is

—'+—'I;L+is/_u/ =/ y
P+p") (p ﬁ)u(ﬁ).

a5y () = () =

(20)
| relabel p/ — k. There is another typo in this problem. If

you compare with Eq. (11.92) in Schwartz you will see that
we need S* — oH¥ where
o = %Wﬁv] = 28K, (21)

Now the Gordon identity is

(22)
| prove this equation.
2ma(k)y u(p) = a(k)[p" + k" + 205" (k, — p,)u(p)
(23)
2m a(k)y u(p) = a(k)(p" + k" 428" k, — 215" p,, Yu(p)
(24)

ama(k) v u(p) = a(k)(2p" —4iS" p,+2k  +4iS" k) u(p)
(25)

Plugging in Eqgs. 11 & 19

294y = 2pt —4iS*p,, 2yt = 2kM +4iSHV K, (26)

yields

a(k) k" u(p).

Everything in this problem is classical. | take the classical
single mode free spinor field, Eq. (11.13) in Schwartz,

2m a(k)y u(p) = a(k)y"pup) + (28)

D(@) = u(p)e” 77, (29)
and Plug it into the Dirac equation.
(i) —m)y () =0 (30)
iPP(T) — my(T) =0 (31)
idu(p)e 7T — mu(p)e 7T =0 (32)
(iPe™ T — me~ P T)y(F) =0 (33)
(i7" 0e™ 7% —me Py (F) =0 (34)

3He_iﬁ"z = 0, exp —ipg:vﬂ) = —ip[ge_iﬁ‘faux’g =

. 71"‘-:2"81‘6 —ip-T —ip-Z
—ipge” P D —ipge”'F 55 = —ie ""7p,
(35)
(7P = m)e” T Tu(p) = 0 (36)
(p —m)u(p) =0 (37)
pu(i) = mu(p) | (38)
| take the conjugate of this equation.
pu(p’) = mu(p) (39)
Vpuu(p) = mu(p) (40)
puytu(p) = mu(p) (41)

~vHu is a Dirac spinor and | know how to take the conjugate
of a Dirac spinor

=y’ (42)
T = (Y'u)ty? = ulyty? (43)
| use two Dirac matrix properties

I=("?% A =7"910 (44)
Vru = uly 0090 = a0y = ayt (45)
ppt(P)Y" = mu(p) (46)
ﬂ(ﬁ)’y“pﬂ = ma(ﬁ) (47)
u(p)p = mu(p) (48)

| plug Egs. 38 & 48 into Eq. 28.
2ma(k)y"u(p) = a(k)y"pu(@) + a(k)ky"u(F)  (49)
2m a(k)y u(p) = a(k)y " mu(p) + mu(k)y u(@) (50)
om (k)" u(p) = 2ma(k)y u(7) (51)
1=1 (52)

| have proved the Gordon identity. QED.
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21 A
2. 2
2.1. A*
=7 =010 (53)
| do the = 0 case.
7° =700 (54)
01
7= (1 o) = 7° =" (55)

The Dirac matrices are 4 x 4 so each element represents a
2 X 2 matrix.

3 =1"%° =1°(%)? (56)

(") =1 (57)

v =7 =710 (59)
7 =— (60)

¥ =—""° (61)
{47} =29 (62)

(V%= =0 = 7" =-"%"  (63)

7' =9 =41 (%) =+ (64)
v = 4 (65)

Thus
=" (66)

for u =0,1,2,3. QED.

2.2, S

7

s
1

"]
S’[LV — ,YO(S/U/)T,VO

5 = Ly

NN
1 ¥At)

NVT:_E MV_VHT:_E
(5*) 10 =) 1

)
_ —Z(WVT’YM _ 'y“W”T)

v Z’ v v
(5")F = (YTt — 4 Tyh)

~ 1
SHY — Z’YO(WMTVVT _ W’VTVM)WO

Quv 7’ v v
S = 2 (010 — 40y Ty TA)

0. vf~0.0. put 0

_ 1 v
S = 2 (707190909190 — 409715090y 0)

Q i N4 =~V
S* =" =7"7")

Quv i = ~V
st =107
| use Eq. 66.
v Z v
S =10
SHY — QHY
QED
2.3. i

-10
=1 1
Again every element is really a 2 x 2 matrix.
715 =" (i75)"°
15 = —iv 757"
| did the matrix multiplication in Mathematica.

QED

(YT = (v )]

(70)
(71)

(72)
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2.4. Y5

A0

Y5 = ’70(’7“%) ¥

75 = 7 757 17°

575 = 79570709140
Vs = 707577
Y5 = 7057 0y*
(7,7} =0 = 04" = —4#40

W — 7,75,70,}/0,}/”

Vs = —57"

Y5 = "5

QED

2.5. iy St

5 SH =0 (iy5.5M) 140
75887 = ~A0(SH)T (iy5)TA0
7558 = 70517090 (i5) 1

755 = S
| use Egs. 78 and 82.

W == Suyi’)/5

55 = iSH s
T
55K —11[7 Y s

s =i (1" =)

s S =i ("% =777 7s)
i o
55 = i (=757 + 7" 57")

S =i (157" = 577")

v

s SH = iv5 7 (19" = 7"7")

T Ouv . (3 v
Z")/5S/“’ — 2751[’}//‘4’,7 }

W — Z-’YSSHV

QED

(100)

(101)

(102)

(103)

(104)

(105)


http://dft.uci.edu
http://dft.uci.edu/publications.php

	Physics 513 QFT: HW 8
	 Contents
	1 1
	1.1 Proving Eq. (1)
	1.2 Proving Eq. (2)
	1.3 Proving the Gordon Identity

	2 2
	2.1 
	2.2 S
	2.3 i5
	2.4 5
	2.5 i 5 S



