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1. 1
The interaction Lagrangian is
G ., C_,

where | use @ for interacting fields and ¢ for free fields.
| have re-normalized the coupling constants, following
Schwartz, so that the math works out easier. To restore
the original couplings just use G = —3lg = —6g and
C = —4!\ = —24). | use the notation | developed in
my Real Scalar Field Notes.

Each 3-interaction vertex has 3 lines, and gets a factor of
1G. Each 4-interaction vertex has 4 lines, and gets a factor
of iC.

The matrix element M is defined by

§W(B; — ByyiM = g[s] + 8[t] + 8[u] +84], (2)

where P, = p1 + P> is the total incoming momentum and
I3f = p3 + py is the total outgoing momentum. Figures
1-4 show the diagrams for the &|[i]. Since this is 2
to 2 scattering | can simplify my answer with Mandelstam
variables

s= (P +P2)* = (P + 1),
t=(p1—p3)* = (P — u)* (3)
u (171 *54)2 = (172 *ﬁ3)2~
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FIG. 1. Feynman diagram for §[s].
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FIG. 3. Feynman diagram for [u]. Notice that the crossing
between ps and ps does not have a dot. That means it is not
a vertex.

5@ (py + ps — p)0W (5 — Ps — p1)
D2 —m?2 4+ ic
(4)

8ls) = itiG)? [ '

p

3™ (P + P — Ps — Pi)
— 2 3 — D4
8[3] =—iG (ﬁ1+p_§)2—m2+ie (5)

@ (7, + 73 — Fs — i
g[s]:—iG25 (pl‘;ZiZmQPJ Pi) (©)

. 25(4)(131' - ﬁf)

gls] = —iG P (7)
D1 D3
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FIG. 4. Feynman diagram for §[4].
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§W (p1 — p3 — p)0Y (P> + P — pi)

P2 —m?2+ e

gmamﬁ/&p
(8)

“@(p _p
g[t] _ —Z'GQM (9)

t —m?

SW(p1 — pu — P)SD (P + F — p3)

P2 —m?2 + i€

&Mﬂmﬁ/fp
(10)

5 (P, — Py)

u —m?

$u] = —iG? (11)

$[4] = iCoW (71 + p3 — s — pa) = iCSD (P, — Py) (12)

SW(B=TP)iM = is U B=TF))

1 1 1
2
{C ¢ (s—m2+t—m2+u—m2>}

(13)
o2 1 1 1
M=C-G (sm2+tm2+um2) (14)
_ 9 1 1 _
M = 369 (s—m2+t—m2+u—m2 24
(15)
2. 2
2.1. Lagrangian
2.2 = (0¢9)* —m*¢? (16)
| introduce the shorthand
" (0,9)(0v¢) = (0¢). (17)
D= ¢+ \p? (18)
—1++V1+4)\0
T 19)

Which sign should | take? It seems that | should insist that
A— 0 = & — ¢. Only the + solution satisfies this
condition. In fact the — diverges.

—1-vi+dre wb:_i_@Jr@()\) (20)

—1+v1+4)\D

(ZS = —
2\

So | take the + solution. | assume X is small and | am only

looking at the leading perturbative correction. | only need
to expand ¢ to order A\? to get that correction.

= (& — AD? +2)029%)2 = 02 — 2)3% + 502D + O(\?)
2

=& - \O? 420203 + O(\?) (21)

(22)
Dot = 0,® — 2000, P + 6)2P?0, P (23)
(0¢)% = 0" (0a9)(950) (24)

| only keep terms up to order \2.

(06)% = 1P (06 ® — 2ADD0® + 6X2D20, D)
(08D — 220D + 6>\2<I>235®) = (aq))2 _ 4)@(3@)2
+ 16A%®%(0P)?
(25)

(0¢)% = (0D)? — 4AD(0D)? 4 16A%P?(9D)*  (26)
2% = (09)? — m?*®? (27)
L = L+ AmPD® — 200(0D)? + 8N\2D?(0)?
- g)\Qm2¢14 + O
(28)

| simplify the Lagrangian using integration by parts.
—200(0D)? = —2)*P D (9, D) (D) (29)

D0 ®? = 200,® (30)

—20B(9P)? = —M*P(0,®%)(95P) = A@Qnaﬁaaaﬁ(é |
31

0,05 =07 —02 -0, —0:=0; —V>=0 (32

—2\®(0®)? = \O?0® (33)

SA2D2(0D)? = 8A2D% )P (0,®) (95 D) = %A%aﬂ (0,9°)(95®) =

(34)
D0 ®® = 3020,® (35)
SA2D2 (D)2 — gvnaﬁ(aaqﬁ)(aﬂq)) _
- gvcp%aﬁaaag@ = %A%Sm

(36)

253 2 8 253 D 2, 254

L =Ly + Am*® + 20700 — NP0 — DATme
(37)
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2.2. Feynman Rules

| give the Feynman rules for terms in the interaction La-
grangian. | give the factor each interaction term contributes
to a vertex. | do this by putting the interaction terms into
the standard form used in Schwartz and my Real Scalar
Field Notes.

5 3\ 6
)\m2'1)3 = §m2®3 = ng‘I)S (38)
Im?®? & 6idm? (39)

| denote this 3-way vertex with a circle. The other 3-way
vertex is

21\ 2\
AO2OP = 7<1>2D<I> = 5@2@@ (40)

where the 2! comes from the 2 indistinguishable scalar bo-
soms in ®2. If momenta Py, ps, and P meet at this vertex
| need to account for each one being the O® boson, so the
Feynman rule is

220® & —20A[(71) + () + ()7 | (41)

where each O® contributes —p(0®)2. | denote this 3-way
vertex with a square.

_g AZm2d* < —60iA2m2 (43)
| denote this 4-way with a circle.
- jrerton = et (4

Let the momenta at this 4-way be py, po, p3, and py.

8 2 . | |
—§A2<I>3D<I> & 16iN2[(p1)2 + (52)? + (53)* + (Pa)?]

| denote this 4-way with a square.

2.3. Matrix Element

| calculate the matrix element M to leading order for
PP — PP scattering. The initial and final momenta re-
spectively are

P=pi+p,  K=p+ (46)
Because this is 2 to 2 scattering | use the Mandelstam vari-
ables in Eq. 3. The matrix element is

(P — K)iM =31]+521+ > ]  (47)

n=1

FIG. 5. Feynman diagram $[1].

FIG. 6. (2]

where the 8 are 4-way diagrams and the § are 3-way dia-
grams. | show the Feynman diagrams in Figs. 5-18.

B[1] = —60iN*m26™ (B + pa — Ps — pu) =
— 60iA>m?0W (P — K)
(48)

$[2] = 16iN%[(51) +(P2) +(Fs3) 2+ (5a) 26 (P~ K) (49)

For any on-shell scalar boson ®: p2 = m?2.

B[2] = 64i\*m?5 (P - K) (50)

§W(P — )6 (5 - K)
_ . 2\2; 4 _
311) = (i) [atp PR

5. 00— K)

= —(6xm?
(6Am™) s —m?
(51)
P D3
P
P2 D1
FIG. 7. g[1]


http://dft.uci.edu
http://dft.uci.edu/publications.php

2.3 Matrix Element Physics 513 QFT HW 6

p1 D3 D1 D3
i i
D2 Pa D2 Pa
FIG. 8. ¢[2] FIG. 11. g[5]
D1 D3 jZil 73
D2 Pa D2 Pa
FIG. 9. (3] FIG. 12. €[6]
— 22, SO(P - NeW(5— K
/d4 5(4)(]71—]33—1575(4)(ﬁ+52—ﬁ4): , s p2—m "’2"6 )
P 52 —m2 +ie [(51)? + (72)* + 57)[(B5)° + (72)* + 5% =
W(P_K W(P_K o
- (6)\m2)2iw — 4/\22'%(27712 +P?)? =
—m —m
52 2\2 . .
(52) _4)‘2iw6(4)(}7_}{)
S—m
(54)
$[3] = (6iAm?)%i
§W (p1 — pa — P)OD (P + P — Ps)
4 — - N — — -
Ja P e ) 8] = (-2iny [ap O PO )
yor 6O (P — i) P2 —m? 4 e
— (6AmY) T — [(51)? + (75)* + 5)[(52) + (a)* + %] =
2 2\2 . .
(53) _ 2 U2 s B Ry
t— 2
(55)
D1 P3
P i = N I
5 (P — pa — )0 (5 + o — P3)
o2, 4
8l6) = (-2ix% [ d'p T
(1) + (52)? + P2)[(72)° + (B5)* + 7%] =
- — 2\2
P2 P4 _ 4)\2iw5(4)(p - K)
FIG. 10. 8[4] (56)
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p1 3
12
D2 Da
FIC. 13. ¥[7]
P D3
12
D2 Da
FIG. 14. [8]

“)(p (4)
8[7] = (~2i\)(6iAm?)i / aip? (ﬁz mnizf 5

2 s+ 2m?

[(51)? + (52)% + 72 = 12X%m 6@ (P - K)

(57)

B8] = (- 21)\)(6@)\771 /d4 5(4)(_} @5(4)( K)

P2 —m?2 +ie

()2 + ) + 77 = 1222220 B R
(5%)
D Ps
2
D2 D1

FIG. 15. g[9]

p1 D3
2
D2 Da
FIC. 16. §[10]
P D3
D2 Da
FIG. 17. [11]

[9} ( 22)\)(6i>\m2)i

— s — D) B+ Po —Pu) o, - L
t + 2m? S
_ 12)\2m2ii7mmz<5(4)(P ~K)
(59)
g[10] = (22)\)(6i)\m2)i
5 iy = P)SD T+ P2 — D) o o2, o
/d4 71 = ];;2 _ﬁ)mz —k(lz)e = p4)[p2+(p1)2+(p3)2]
t+2 q
= 12)2m% t+ 77: 5O (P - K)
(60)

g[11] = (—2i\)(6iAm?)i

S (1 — pa — P)OD (F+Pa — Ps) o, .
/d4p u ;2 —2nQ+(ie : 3)[172"‘(172)2‘*‘(173)2]

= 1222m2; Mé(‘l)( 7
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FIG. 18. ¥[12]

8[12] = (—2i\)(6iAm?)i

§W (1 — pu — PO (P + P — )
! 22 (22 (=2
/ P FEp——— [P +(P1)°+(Pa)”]
w2 . .
— 12/\2m2iw5(4)(p -K)

m2

M = AN*m?— (6 m?)? < ! + ! + ! )

s—m2 t—m2 u-—m?

s —m?2 t —m?2 u — m?

—4)? {(8 +2m?)? | (E2m?)?  (ut 2m2)2]

4 24N2m? s+2m?  t+2m?  u+2m?
s —m?2 t —m?2 u—m?
(63)
1 1 1
2 4
-9
Mocm " <s—m2+t—m2+u—m2)
(s+2m?)%2  (t+2m?)?  (u+2m?)?
o z T z T 2
s—m t—m U —m
o (s+2m?  t+2m?  u+2m?
+ 6m
s —m? t —m? u—m?2
(64)
Using Mathematica | reduce this to
Mo dm? —s —t —u. (65)
s+t+u=(pr+p) + 71— F3)° + (P — Pa)’ =
6m” + 271 - (Po — Pis — Pa)
(66)
Conservation of momentum implies g — p3 — Py = —p1, SO

s+t+u=06m?—2p -p =6m? —2m? =4m?. (67)
s+t +u=4m? (68)
Moxdm? —s—t—u=4m?> —4dm? =0 =

(69)
QED
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