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1. 1

Let the spacetime translation operator be T (~a) where a is
the displacement 4-vector. I will show that the infinitesimal
displacement operator is

T (δ~x) = 1− iPµδxµ. (1)

I show that it is unitary (like a translation operator must
be).

T †(δ~x) = 1 + iPµδxµ. (2)

T (δ~x)T †(δ~x) = (1− iPµδxµ)(1 + iP νδxν) =

1
((((

((((
(

+iPµδxµ − iPµδxµ + PµP νδxµδxν =

1 +((((
((PµP νδxµδxν = 1,

(3)

where the higher order δx2 term goes to zero quickly enough
to be ignored.

Now I show that it moves the field like it should

φ(~x+ δ~x) = T †(δ~x)φ(~x)T (δ~x). (4)

I expand the left hand side with a Taylor series to first order

φ(~x+ δ~x) = φ(~x) + δxµ∂µφ(~x). (5)

φ(~x) + δxµ∂µφ(~x) = T †(δ~x)φ(~x)T (δ~x) (6)

φ(~x) + δxµ∂µφ(~x) = (1 + iPµδxµ)φ(~x)(1− iP νδxν) (7)

φ(~x) + δxµ∂µφ(~x) = (1 + iPµδxµ)φ(~x)(1− iP νδxν) (8)

φ(~x) + δxµ∂µφ(~x) = (1 + iPµδxµ)[φ(~x)− iφ(~x)P νδxν ]
(9)

φ(~x)+ δxµ∂µφ(~x) = φ(~x)+ i[Pµφ(~x)δxµ−φ(~x)P νδxν ]

(((
((((

((
+Pµφ(~x)P νδxµδxν

(10)

��
�φ(~x)+δxµ∂µφ(~x) =��

�φ(~x)+ i[Pµφ(~x)−φ(~x)Pµ]δxµ (11)

δxµ∂µφ(~x) = i[Pµφ(~x)− φ(~x)Pµ]δxµ (12)

δxµ∂µφ(~x) = i[Pµ, φ(~x)]δxµ (13)

�
�δxµ∂

µφ(~x) = i[Pµ, φ(~x)]�
�δxµ (14)

∂µφ(~x) = i[Pµ, φ(~x)] (15)

But this is just the Heisenberg equation of motion and space
translation, i.e. Eq. (1) in the problem set. If it is true then
T (δ~x) is the infinitesimal spacetime translation operator.

To get the finite translation operator I compound in-
finitesimal translations

T (~a) = lim
N→∞

T (δ~a)N , δ~a =
~a

N
. (16)

T (~a) = lim
N→∞

(
1− iPµ aµ

N

)N
= exp(−iPµaµ). (17)

Thus the spacetime translation operator is

T (~a) = exp(−iPµaµ) , (18)

which acts on scalar fields by

T †(~aφ(~x)T (~a) = φ(~x+ ~a) . (19)

QED.

2. 2

φ(r) =
∑
p

a(p)e−ip·r + b†(p)eip·r√
2V pt

(20)

Field operators in the Schrödinger picture are functions of
space (not space and time). The spacial position is

r = (x, y, z). (21)

The 4-momentum is

~p = (pt,p), p = (px, py, pz). (22)
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I prefer to write φ(r) as it appears in Peskin & Schroeder

E = pt =
√
p2 +m2 = ω(p), p2 = δijp

ipj . (23)

φ(r) =
∑
p

a(p)e−ip·r + b†(p)eip·r√
2V ω(p)

(24)

V is the volume of the factious box which keeps everything
finite and normalizable. I take the thermodynamic limit

lim
V→∞

∑
p

=
V

(2π)3

∫
d3p. (25)

φ(r) =

∫
d3p

a(p)e−ip·r + b†(p)eip·r

(2π)3
√
2ω(p)

(26)

p · r = δijp
irj = pxx+ pyy + pzz (27)

φ†(r) =

∫
d3p

a†(p)eip·r + b(p)e−ip·r

(2π)3
√

2ω(p)
(28)

φ(r) =
φ1(r) + iφ2(r)√

2
, φ†(r) =

φ1(r)− iφ2(r)√
2

(29)

The scalar fields φ1(r) and φ2(r) are real. I know how to
write real valued scalar fields in terms of creation & annihi-
lation operators.

φn(r) =

∫
d3p

an(p)e
−ip·r + a†n(p)e

ip·r

(2π)3
√

2ω(p)
, n = 1, 2 (30)

From my notes on real scalar fields I know the commutation
relations these operators obey

[an(p), am(k)] = [a†n(p), a
†
m(k)] = 0,

[an(p), a
†
m(k)] = (2π)3δ(3)(p− k)δnm,

(31)

where n,m = 1, 2.

√
2φ(r) = φ1(r) + iφ2(r) (32)

∫
d3p

a(p)e−ip·r + b†(p)eip·r√
ω(p)

=∫
d3p

a1(p)e
−ip·r + a†1(p)e

ip·r√
2ω(p)

+

i

∫
d3p

a2(p)e
−ip·r + a†2(p)e

ip·r√
2ω(p)

(33)

I cannot prove it but it is very reasonable to assume that
this equation holds for every mode, i.e. the integrands are
equal.

a(p)e−ip·r + b†(p)eip·r =

[a1(p) + ia2(p)]e
−ip·r + [a†1(p) + ia†2(p)]e

ip·r
√
2

(34)

I group by like terms.

a(p)��
�

e−ip·r =
[a1(p) + ia2(p)]��

�
e−ip·r√

2
(35)

√
2 a(p) = a1(p) + ia2(p) (36)

QED

√
2 b†(p) = a†1(p) + ia†2(p) (37)

√
2 b(p) = a1(p)− ia2(p) (38)

QED
I now derive the nontrivial (trivial meaning ones like

[a, a] = 0) requested commutation relations

[a(p), a†(k)] =

[
a1(p) + ia2(p)√

2
,
a†1(k)− ia

†
2(k)√

2

]
(39)

2[a(p), a†(k)] = [a1(p) + ia2(p), a
†
1(k)− ia

†
2(k)] (40)

[A+B,C] = [A,C] + [B,C] (41)

2[a(p), a†(k)] = [a1(p) +��
�ia2(p), a

†
1(k)]

− i[��
�a1(p) + ia2(p), a

†
2(k)]

(42)

2[a(p), a†(k)] = [a1(p), a
†
1(k)]− i2[a2(p), a

†
2(k)] (43)

2[a(p), a†(k)] = [a1(p), a
†
1(k)] + [a2(p), a

†
2(k)] (44)

[a(p), a†(k)] = (2π)3δ(3)(p− k) (45)

[b(p), b†(k)] = (2π)3δ(3)(p− k) (46)

2[a(p), b(k)] = [a1(p) + ia2(p), a1(k)− ia2(k)] (47)
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2[a(p), b(k)] =
((((

((((
(((

(((
[a1(p), a1(k)]− i[a2(p), ia2(k)] (48)

[a(p), b(k)] = 0 (49)

2[a†(p), b†(k)] =
((((

((((
(((

(((

[a†1(p)− ia
†
2(p), a

†
1(k) + ia†2(k)] (50)

[a†(p), b†(k)] = 0 (51)

2[a(p), b†(k)] = [a1(p) + ia2(p), a
†
1(k) + ia†2(k)] (52)

[a(p), b†(k)] = 0 (53)

2[a†(p), b(k)] = [a†1(p)− ia
†
2(p), a1(k)− ia2(k)] (54)

[a†(p), b(k)] = 0 (55)

3. 3

φ(r) =

∫
d3p

ape
−ip·r + b†pe

ip·r

(2π)3
√
2ωp

,

φ†(r) =

∫
d3p

a†pe
ip·r + bpe

−ip·r

(2π)3
√
2ωp

(56)

√
2(2π)3φ(r) =

∫
d3p

ape
−ip·r
√
ωp

+

∫
d3p

b†pe
ip·r

√
ωp

(57)

I =

∫
d3p

ape
−ip·r
√
ωp

(58)

√
2(2π)3φ(r) = I +

∫
d3p

b†pe
ip·r

√
ωp

(59)

I =

∫
d3k

ake
−ik·r
√
ωk

(60)

I do a u-substitution k = −p.

I =

∫ ∞
−∞

dkx
∫ ∞
−∞

dky
∫ ∞
−∞

dkz
ake
−ik·r
√
ωk

=

−
∫ −∞
∞

dpx
∫ −∞
∞

dpy
∫ −∞
∞

dpz
a−pe

ip·r
√
ωp

=∫ ∞
−∞

dpx
∫ ∞
−∞

dpy
∫ ∞
−∞

dpz
a−pe

ip·r
√
ωp

=

∫
d3p

a−pe
ip·r

√
ωp

(61)

φ(r) =

∫
d3p

a−p + b†p

(2π)3
√

2ωp
eip·r (62)

φ†(r) =

∫
d3p

a†−p + bp

(2π)3
√
2ωp

e−ip·r (63)

φ(r)e−ip·r =

∫
d3k

a−k + b†k
(2π)3

√
2ωk

ei(k−p)·r (64)

∫
d3xφ(r)e−ip·r =

∫
d3k

a−k + b†k
(2π)3

√
2ωk

∫
d3x ei(k−p)·r

(65)
In my scalar field notes I showed that∫

d3x eiu·r = (2π)3δ(u) . (66)

∫
d3xφ(r)e−ip·r =

∫
d3k

a−k + b†k√
2ωk

δ(k− p) (67)

√
2ωp

∫
d3xφ(r)e−ip·r = a−p + b†p (68)

I take p→ −p.√
2ωp

∫
d3xφ(r)eip·r = ap + b†−p (69)

To go farther I need the conjugate momentum density. To
save time I cheat a little and get it from Chat GPT.

π(r) = i

∫
d3p

(2π)3

√
ωp
2
(a†pe

ip·r − bpe−ip·r) (70)

π(r) = i

∫
d3p

(2π)3

√
ωp
2
(a†p − b−p)eip·r (71)

π(r) = i

∫
d3k

(2π)3

√
ωk
2
(a†k − b−k)e

ik·r (72)

∫
d3xπ(r)e−ip·r = i

∫
d3k

(2π)3

√
ωk
2
(a†k − b−k)∫

d3x ei(k−p)·r

(73)

∫
d3xπ(r)e−ip·r = i

∫
d3k

√
ωk
2
(a†k − b−k)δ

(3)(k− p)

(74)
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− i

√
2

ωp

∫
d3xπ(r)e−ip·r = a†p − b−p (75)

i

√
2

ωp

∫
d3xπ†(r)eip·r = ap − b†−p (76)

ap =
1√
2ωp

∫
d3x[ωpφ(r) + iπ†(r)]eip·r (77)

√
2ωp

∫
d3xφ†(r)e−ip·r = a†p + b−p (78)

b−p =
1√
2ωp

∫
d3x[ωpφ

†(r) + iπ(r)]e−ip·r (79)

bp =
1√
2ωp

∫
d3x[ωpφ

†(r) + iπ(r)]eip·r (80)

The problem states C is unitary so C† = C−1.

CC† = C†C = 1 (81)

The problem states

Cφ(r)C† = ηcφ
†(r) . (82)

[Cφ(r)C†]† = C[Cφ(r)]† = Cφ†(r)C† = η∗cφ(r) (83)

Cφ†(r)C† = η∗cφ(r) (84)

I am working in the Schrödinger picture. In the Heisenberg
picture I assume that Eqs. 82 & 84 still hold

Cφ(~x)C† = ηcφ
†(~x), Cφ†(~x)C† = η∗cφ(~x), ~x = (t, r).

(85)
I cheat again and get these relations from Chat GPT

π(~x) = φ̇†(~x), π†(~x) = φ̇(~x). (86)

Then

π(~x) = φ̇†(~x) = ∂tφ
†(~x) =⇒ Cπ(~x)C† = C[∂tφ

†(~x)]C†

= ∂tCφ
†(~x)C† = ∂tη

∗
cφ(~x) = η∗c∂tφ(~x) = η∗c φ̇(~x) = η∗cπ

†(~x),

(87)

Cπ(~x)C† = η∗cπ
†(~x), Cπ†(~x)C† = ηcπ(~x). (88)

I assume these relations also hold in the Schrödinger picture

Cπ(r)C† = η∗cπ
†(r), Cπ†(r)C† = ηcπ(r) . (89)

ap =
1√
2ωp

∫
d3x[ωpφ(r) + iπ†(r)]eip·r (90)

CapC
† = C

1√
2ωp

∫
d3x[ωpφ(r) + iπ†(r)]eip·rC† (91)

CapC
† =

1√
2ωp

∫
d3x[ωpCφ(r)C

† + iCπ†(r)C†]eip·r

(92)

CapC
† =

1√
2ωp

∫
d3x[ωpηcφ

†(r) + iηcπ(r)]e
ip·r (93)

CapC
† =

ηc√
2ωp

∫
d3x[ωpφ

†(r) + iπ(r)]eip·r (94)

bp =
1√
2ωp

∫
d3x[ωpφ

†(r) + iπ(r)]eip·r (95)

CapC
† = ηcbp (96)

QED

CbpC
† =

1√
2ωp

∫
d3x[ωpCφ

†(r)C† + iCπ(r)C†]eip·r

(97)

CbpC
† =

η∗c√
2ωp

∫
d3x[ωpφ(r) + iπ†(r)]eip·r (98)

ap =
1√
2ωp

∫
d3x[ωpφ(r) + iπ†(r)]eip·r (99)

CbpC
† = η∗cap (100)

QED

|pa〉 = a†p |0〉 , |pb〉 = b†p |0〉 (101)

C |pa〉 = Ca†p |0〉 = Ca†pC
†C |0〉 (102)

C |0〉 = |0〉 (103)

C |pa〉 = Ca†p |0〉 = Ca†pC
† |0〉 (104)

CapC
† = ηcbp =⇒ Ca†pC

† = η∗c b
†
p (105)
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C |pa〉 = Ca†pC
† |0〉 = η∗c b

†
p |0〉 = η∗c |pb〉 (106)

C |pa〉 = η∗c |pb〉 (107)

C |pb〉 = Cb†pC
†C |0〉 = Cb†pC

† |0〉 (108)

CbpC
† = η∗cap =⇒ Cb†pC

† = ηca
†
p (109)

C |pb〉 = Cb†pC
† |0〉 = ηca

†
p |0〉 = ηc |pa〉 (110)

C |pb〉 = ηc |pa〉 (111)

QED
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