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O O ~N~N~NOO

| follow along with Sec. 13.3 in Schwartz. My notation
comes from Schwartz and my QED notes. | introduce the
muon field W. It is the same as the electron field ) except
that the muon mass M is bigger than the electron mass m.

1.1. Lagrangian

The QED Lagrangian is

Z-%+7) g

where the free part is

F2
Lo =P — m)yY + V(i — M)W — - | (2)
The interaction Lagrangian is
L= —epypA, — e UyIUA, \ (3)

Muons are just more massive electrons, so both fields cou-
ple to the electromagnetic field in the same way (since the
coupling only depends on charge not mass). | think there
might also be terms that mix muons and electrons, W1},
but | don’t have to worry about anything like that in this
problem, so | ignore it.

A

FIG. 1. Lines for different fields.

.

FIG. 2. Electron (left) and muon (right) QED vertices. Both
vertices contmbute the same factor: —iey"

1.2. Feynman Rules

| only give the Feynman rules | need for this problem.
For example | don't need either the ¢ or ¥ propagators so
| ignore them. | use the symbols in Fig. 1 to represent the
three fields. The photon propagator is

. o in/w

I = - 4

il (5) = — =5 @
where 1, is the Minkowski metric,
diag(1,—1,—1,-1). Like Schwartz | am using the
Feynman gauge. | show the two interaction vertices in Fig.
2.

n =

1.3. M

| assign the momenta
pi(e”) + pale®) = pi
The total momenta are
P=pi+p,  K=ps+ps (6)
Since this is a 2 to 2 reaction | use Mandelstam variables
(P +l74)27
(P> — Pu)?, (7)
(P2 — P3)%.

s=(p1+p2)° =
t=(pr—p3)’ =
u = (P —13'4)2 =

To leading order there is only one diagram (Fig. 3)
i (P - K)M =§. (8)


http://dft.uci.edu/publications.php
http://dft.uci.edu

1.4 Mt

Physics 513 QFT: HW 10
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FIG. 3. Feynman diagram §.

| use the shorthands

Us,, (ﬁn) = Un, Vs, (ﬁn) = Un. (9)

8= i62/d4p VoM us _,Qmj: U3y vy
5 )(pl + P2 *17)5 (p*ﬁs — Pa)
(10)

iy v (P (- )
(11)

¥ = ie?/d“p@w“m

—

% = i@ (P — K)e*vy7"us %Mﬂ Uy (12)

g =i0W(P - K)e? vg'y“ulniu;w V4 (13)
s

6 (P-K)M = i6W(P-K)e? 'UQ'YMUI%US’V v (14)

M= 62@27“111%@37”1)4 (15)
S

M= ?027 ULU3N Y V4 (16)
627 " _

M= = V27 U (17)
1.4. Mt

G t
M = ;(027 U1TU37,,04) (18)
2
Mt = ?(ﬂgwm)T(@z"/“Ul)T (19)

While each term in parentheses is a scalar, the factors are
matrices and spinors so switching the order is necessary.

Ty = viy° (20)

(B2y"ur)T = (IO un)t = ufy 1900y (21)
=90 =yt (22)
(B2y"u1)" = ufy"17 00y (23)

710 =90 (24)

70 = =720 (25)
(=2 (26)
(=2 =0 = " =" (27)
70 = —y%y0 = 709 (28)

7177 =790 & 40 =409 = AHTy0 =405k (29)
(B27"u1)’ = uly" 19005 = ulyOy" v, (30)

iy = uly’ (31)

(ﬁgfyl‘ul)T = u1y"vg (32)

In general for any two Dirac spinors 1 and 1)

(hay"1h1)T = Py aps. (33)
62
M = ?(QSWM)TQWHW (34)
= (74 7%9%) (35)
Yo =y’ = (%, =7 =7 =) (36)

(ayor1)T = (W27°¥1)T = P1yote (37)

(Y2vathr)t = —(hay* 1)t = =17y = P17tz (38)
So for two Dirac spinors | also have
(Q,Z_]Q’)/,uwl)T = 7/_)1'7/#”(/12. (39)
o2
MT = ?174’YMU3’[L1’}/HU2 (40)
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1.5. |MJ?
M2 = MMT (41)
4
M2 = S5 (o) (3,00 (D) (a7 vz ) (42)

1.6. Spin

| am calculating the unpolarized cross section meaning
that no spin is preferred. The right way to do this is to sum
over the final muon/ anti-muon spins and average over the
initial electron/ positron spins.

M2 = 55150, (7)1, (5] s ()05, ()
s (1) sy () [, (7)1 0 ()

2

1

S1828384=1

M2

4 2

//1:4% 3

S1828384=1

[@84 (ﬁ4)’YVU53 (ﬁ?))] [asl (ﬁl)’yyvsz (ﬁQ)]

[632 (ﬁQ)’yMusl (ﬁl)] [ﬂs:g (53)7#1)54 (ﬁ4)}

(45)

Scalars commute with everything so | can move them
around as | wish.

4 2

M= Y

81825354:1

(05, (P2)7" ws, (P1)][s, (P1) 7" vs, (P2)]

[ﬂss (ﬁg)%ﬂl&l (174)7734 (ﬁ4)'YVUsa (ﬁS)]

(46)
| use the outer product
2
sz(ﬁ)ﬂs(ﬁ):p_mjv (47)
s=1
where I is the 4 x 4 identity matrix.
et 2
M= D7 a7 e, (1)) [, (5 s (7))
515253:1
(s, (53)7;»(2?4 — MI )y us,(P5)]
(48)

| use the other outer product identity

2
> () () = po+ mi (49)

64 2

M= g5 D el e (), (1) 00, (72)]
(55 (P3) Y (P, — MI)vius, (P3)]

(50)

64 2

= @ z:_l[@sz (132)7#(% + mI)’YDUsz (52)]
[, (35) 3, — MI) 4 (75)]
(51)
64 2

M = 152 > [ (py +mIy val[usvu(p, — M Ty, us]
o (52)

I make I implicit.

64 2
M= Y [0y +m)y vallusy(p, — M)vus]
o (53)
o = 172’7”(?1 + m)’y”vg, B = ’L_Lg’}/“(p4 — M)’}/UU3
(54)
42

M= > aB (55)

8283:1

The spinors u and v are 4 component vectors, and the ma-
trices y(p = m)y are 4 x 4. The products &/ and % are
scalars. | introduce spinor component indices (like in my
QED notes)

o = (B2)a[V" (P, + m)V"15(v2)",

where the spinor indices run over the 1,2,3,4 and | am us-
ing the Einstein summation convention. Because these are
components | don't have to worry about commutation any-
more and | can move factors as | wish.

(56)

o = (v2)P (B2)a V" (B, +m)7"15 (57)
Now comes a trick:
o = (va02) 0 [¥" (p, +m)"15, (58)

where vo75 is a 4 X 4 matrix, which is why it has two compo-
nents. < is still the same scalar (I checked in Mathematica)
and everything is kosher.

B = (u3)alru(p, — M)7]5 (us)” (59)
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% = P o - M v % 60 64 @ v oV
(us)" (Ga)a [ (P, = M) (60) M= M[Tr(%pzv”’mp?v ) —mTr(v7ap17")
P = (ustiz)5 [y, (p, — M)v]5 (61) o v o
v g +m Tr(yapsy'y") — m? Tr(y"4") TI"(’YanW“YBpf%)
4 2
Z (v202) [ (p, + m)V"]§ — M Tr(yap§vu ) + M Tr(vu7apiv) — M? TY(%%)}
253:1

(ustis)}[vu(p, — M)Vl

(62) (69)
et 2 W= et aﬁTr( I u)_ aTr(u v
M = e Z [v52(52)1752(13'2)]§[7“(p1 +m)7”]g N =72 P2y Ya Y VBY mp Y Ya¥")
8253:1
(15 (55t (53)]5 [0 (p, — M), -M%ﬁmWW—WHWWﬂ@£M%wm»
(63)

— Mp§ Tr(Yavu ) + MpS Tr(vuvarw) — M2 Tr(v,7)

2 B
= @ [Z Vs, (52)/682 (ﬁ2)] [7”(?1 + m)V”]g

8271 (70)
P
Schwartz Eq. (A.40) says
[Z Us;; p3 U’S3 p3)‘| [7#(?4 - M)’Yl/]f))\ ( ) y
s5=1 Tr(y#y") = 4n” (71)
(64)
4 Tr(vu ) = Tr(Muay*msy”) (72)

— = _(p —m)B v
M 452 (7) m)ah“(pl—km) ] (7) M)} [7“(7) M)’y"]f’ In this expression each ~* is a matrix but each Moo 1S a

(65) single component (a scalar), so
For any square matrices K & Q: KQ% = Tr(KQ).

4 TI"(’Y,[)/V) = Nuatlvp Tr( @ B) = 477/wz"71/677aﬁ = 477;10/'73
6 v
% = @ TI' [(772 - m)fyﬂ(pl + m)7 :| - 477#045 - 477/—“’ (73)
Te [ (p, + M) (p, — M) |
(66) ol
=12 PSP} Tr(vay v57") — mp Te(vya7")
W= i
452 +mp3 Tr(va¥"v") — 4m2n“"} {p?pff Tr(YaYuysVw)

Te (B9 7" — My Py + mpy = mPya” )

) - Mp? Tr(Va'Yu%/) + Mp§ Tr('}//f)/cﬂ/u) - 4M277;w
( 'Y;Jé‘l%/ M;%’Yu% + M’Vuﬁéﬂ/u -M 'YH’YV)

() (74)
M = 4[Tr<p2 2% ) —mTr(y“pl’y”> M = & 3 P2y Tr(%ﬂ V87") — mps o’
tm ﬂ(%v“v”) —-m? Tf(’Y“’Y”)] [TT(I%W%%) + W - 4m2n“”} [p?pf Tr(YaYu¥87)
- My (?3%[%/) +M Tr(’Yu}”4’Yv) - M? Tr('ﬁﬂl/)} — Mpg T Vw) +W‘ 4M277;w
(68) (75)
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2 =2m® + 2p1»
> =2M? + 2ps4

From Schwartz (Eq. A.39): the trace of an odd number of 5= ( )
5= ( )
t=(pr —p3)® =m?+ M* —2py3
t=( )
( )
( )

gamma matrices is zero, Tr(y*y7y#) = 0.

64 (e} v v
M= [pzpf Te(vay"y87") — 4m*n" } 2 =m?+ M? —2py (86)

452 =
s N2 2 2
[pgpf TI'(’ya’yH’yﬂ’yV) - 4M277;w} u=(p1—ps)  =m"+ M —2py
(76) u= (P — P3)*> =m?> + M? — 2pa3
pi2 = M? —m® + p3s, pi3 =poa, P14 = Ppo3
Schwartz (Eq. A.41) is
Tr(y*9#9%y") = 4™ 0™ — Py + n™n?). (77) 8¢

M = S—Q[pﬂ+p§4+(M2+m2)p34+M4+m2M2] (87)
This immediately implies

Tr(’Va’Y;L'VB'YV) = 4(77&#77611 — NapNuv + 77&1/77#6)~ (78) 2p34 = 8—2M2, 2po4 = m2+M2—t, 2p14 = m2—|—M2—u
(88)

4et — 42 Y N S
M = i2 [P2aprs (10 — PP pevgeB) —m2pv] st u=dm® +2M2 4 25 (B — Py — ) =

Am? + 2M? 4 20, - (jp — P) = 4m? + 2M? — 25, - )

o, B 2
[pS Py (7704#7751/ — NaBNuv + naunuB) -M 77#1/] — om? 4 202
4
= [po‘pﬁ(n“n” — Nap™” +nany) — mzn””} eta 2 2 2 2\2
52 [F2F1Vallp = T a'lp ///:25—2[t+u +4s(m? + M?) — 2(m? 4+ M?)?]
[pgpf (MapBy = NapMuw + Novlup) — M 2?7;44 (90)
(80)
1.7. Momenta
4 4
M = s% [p‘;pf(égég — N + (5265) — mzn””} | work in the center of mass frame where the initial mo-
menta are

[pgpf (Waunﬁv — NapNuv + naunuﬁ) - MQU;LV} . .
(81) 7= (E,p), po=(E,—-p), E=vm?+p% p=|p|
(91)

The final momenta are

ﬁSZ(gvk)a ﬁ4:(£)7*k)7 &= \/M2+k2> k:‘k|

B 4et

I S n 2
M = —5 (PP = "B P2+ pipy —mn™) (92)
(p3up4y — Ny D3 - P+ P3uDay — M277;w) conservation of energy implies
(82) 9 =26 = E=6. (93)
| use the shorthand p;; = pi - . Without loss of generality | take
4 . .
W= 4% (pgp'f — 0 prg + pipt — mQUW) P=7rz, k = k(sin 6,0, cos 6). (94)
s
(P3uPav — Nuwp3a + P3upay — M) So the final and initial momenta are
(83)

7= (B,0,0,0)] [52=(B,0,0,—p)]
‘ﬁg = (E,ksinﬂ,O,kcos@)‘

4

e
M= — M? 2P3g + 2m> M? 95
52 (P1aP2s + Prapas + M7piz + m7pas + 2m ) ‘174 = (E,—ksin6,0,—k cos0) ‘ (95)
(84)
v E=VM?+k?=ym?2+p?|
nu 77;,”/ — 4 (85) \/ \/ p
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With these definitions | calculate s, ¢, and w.
5= (P1 + Pa)? = 2m> + 251 - o = 2m? + 2P - Pa
= 2m2 + 2(E2 —P1- pQ) = 2m2 + 2E2 + 2p2 =
2E? 4+ 2(m? 4 p?) = 2E° 4 2E? = 4F?

(96)

[s=ap2] (07)

t= (7 —ps)* =m® + M* — 25 - s (98)
‘t=m2+M2—2E2+2pk‘COS6“ (99)
u=(p1 —p1)* =m>+ M?* - 25, - py (100)
’u:m2+M2—2E2—2kaOSG‘ (101)

1.8. Differential Cross Section

The formula for the differential cross section in the center
of mass (CM) frame is Schwartz Eq. (5.32)

do M py

dQ  64m2E2\ pi’
where Ecy = 2FE is the total energy in the CM frame,
pi = |p1| = [p2| = p, and py = [p3| = |pa| = k.

(102)

do M k
dQ ~ 16(47)2E% p (103)

do _ Lﬁ[t2+u2+4s(m2+M2)—2(m2+M2)2}
dQ  8(4m)2E2%s% p

(104)
The fine structure constant is
02
=_. 1
a= - (105)
d 2k
d—g = 8]50;72525[752 +u? 4 4s(m? + M?) — 2(m? + M?)?]
(106)
s =4F> (107)
d 2k
d% - 162685[t2+u2+16E2(m2+M2)—2(m2+M2)2}
(108)
t =m?+ M? —2E? + 2pk cos @
9 5 5 (109)
u=m"+ M*—2E° — 2pkcosf
d 2k
é = 1(?E6 5(E4 + k*p? cos? 0 + E*(m? + M?))

(110)
This is identical to Eq. (13.75) in Schwartz (except we swap
k and p).

2.1. M

| calculated M for this process in HW 9. | copy my results
from there.
| relabel v/ — G. The interaction Lagrangian is

L = g + iGYysm. (111)
Pir(e”) + k(¢) = pale™) + q(r) (112)
]3:14_]5:*2_’_@‘ (113)
s=(h+E)?=F+7)%
t=(—p)? = (k—q)>% (114)
u= (=0 = (F=p)?
_ P+m —q+m
M = ¢Gis (75 2+p1 / 75 Jur  (115)
s—m uU—m
The electron mass is m.
Us,, (Pn) = Un (116)
M P4+m P, —d+tm
giG’ = ’LLQ’YsS g U + Uo R Y5U1 (117)
M _ p2+¢+m 77)1_g+m
giC; = U27577mQU1 + U277mQ’75Ul (118)
M gy tdtm yupt —g+m
— =l 5wt U —— YU
gG s—m u—m
(119)
M ysyuph +vsd + sm
— = U2 Uy
9G s —m?2
"
- +m
+ i YuP1 V5 msQ 75u1
uU—m
(120)
M ysyuph +ysd +sm
— = U2 Uy
gG s —m?
I
_ YuYsPy — ¢vs +my
g, ey q 52 5u1
uU—m
(121)
{157} =0 = Y57 =~ (122)
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M =Py +sg +sm
— = Uy Uy
9G s —m?2
=Y — 4+ ms
+ Us pl g2 Uq
u—m

(123)

M Y54 — (P, —m)5 ~ ys(p, —m) + ¢s

gG:ﬂ2 s —m? i u — m2 “
(124)

In HW 8 | derived
(p —m)us(p) = us(p)(p —m) = 0. (125)

Mg el T (i + g

= U —U2

9G s —m? u—m?
(126)
M uaysq dysur
ng = 5 _ m2 17U2u_ ) (127)

{15, %} =0 = Y% =—Wr = Vsp=—Ps

(128)
M U275 _ squr
gG ~ s— g2 ey —¢m2 (129)
M ugvsdui | Ugysdua
gG~ s—m?Z  u-—m? (130)
1 1 i
M= gG s —m2 + W —m2 ’ILQ’)/E,gUl (131)
2.2. Mt
f 1 . f
M = gG g — m2 + u— m2 (UQWSgul) (132)
1 1 _
M= gG <S -m?2  u-— mz) qu(Uaysy"ur)T (133)
(Goys7"ur)t = (uhyorsyur)t = ulyTdadus  (134)
t = = 135
Yo = 70, Vs = V5 ( )
(ﬂﬂw”ul)T = Uhm%%w (136)
Yovo =1 (137)

(aaysy"u1)T = wlvor0r* vs70u2 = —ul Y0707 Y050
(138)
From my QED notes
70710 = * (139)
(257" u1)’ = —ulyo7 502 (140)
i =ulv (141)
(2757 ur)T = —t Y y5us = U157 us (142)
Mi=go (v L gty (143)
s—m2  y—m2) 2
1 _
./\/“L = gG <s — m2 U m2> u175¢u2 (144)
2.3. [MJ?
IM|? = MMT (145)
gG gG 2
MP = (2954 29 @sgun)@rnsgos
(146)

2.4. Spin

| want the unpolarized cross section. So | average over
the initial spin and sum over the final spin.

2

1 2
— - 14
Y etes 1 1 2%
= 14
2 (s—m2+u—m2> (148)
2
B = Z U2%§1U1 ulfYJgu2) (149)
5152:1
2
B = UgYsgu1taysgdus (150)

8152:1
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B = Z Uz Ys ¢ (Z Uﬂh) stz

so=1 s1=1

7 = Z U254 [Z us, (P usl(m)] Vsguz

821

B = Z Usysd(p, + m)vsgus

so=1

| start using spinor component notation.

=3 (@,

82:1

P, +m)ysdlG(uz)?

B = Z (UQ)ﬁ(ﬁZ)a[’YE’)ﬁ(pl + m)’y5g]g

so=1

2
B = ZU2U2 [vsd(p, +m)vsd]3

52:1

s

B = (p, +m)2 s (p, +m)vsdl3

B = Tr[% +m)ysd(p, + mhsﬂ

B = Tx|(p, +m) (sgp 15 + msgtreg)]
V5P = —Prs

B = Tr|(p, + ) (gp 4 — mie)|
From my QED notes

v =1

% =T | (p, + m) (dp 4 — mg?)|

B
2)Us, (P2 ] [sd(p, +m)vsd)3

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)

(164)

(165)

B = T (P d + mdp g — mpog® — m*@?)  (166)

# = Tr(p,gp,g ) +m Delgp d) —m Telpsg” ] —m’ Tr(g
167

Tr(v*y°y*) =0 = Tr(pkd) =0 (168)

B = Tr(pggplg) —m? Tr(¢%) (169)

B = p3¢" Py ¢ Tr(YaVuV8 ) — m2aq” Te(vv) (170)

Tr(’yu%/) = 477;1,1/ (171)
Tr(YaYu Y8 V) = 4(Napsy — NapMuw + Navius)  (172)
B = p3d" D ¢ Tr(Yaruvs7) — 4m2a " nw  (173)

| use the shorthand
Pyj = pi - D, Pig = Pi - G- (174)
B = p3a" P} " Tr(Yauv57w) — 4m%pyq (175)

» 2
Vi =Dp3q pl q (77@#77[3” NafNuv + navnuﬁ) — " Pqq

(176)
Z = P1gP2q — P12Pqq + P1¢P2q — m2pqq (177)

A 2
T = 2Wiapag — Pazbar — WP, (178)

The scalar fields are massless so

Pqgq = (j (7: 0. (179)
g = 8p1qp2q (180)
B =8(p1- (P2 ) (181)

2
1 1
= 4¢>G? o1 - @) (s - 182
M =156 (s ) G D) (182)
s=(pa+q)? 5o )2 + (17 + 2P -7 = m> +2p» -7 (183)
u=(py —q)*=m?—-2p -7 (184)
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2
1 1
M = 2G2< E—— ﬂ> 71 Q) (P - q 185
AT (P -OWP2-q)  (185)
% _ g2G2
{(ﬁl q)(P2 - q) + (P1- (P2 - q) 72(291 7) (P2 - _')}
(P2 9)* (1 -q)? (D2 @) (1 - Q)
(186)
M= g G2 (’f 4,029 2) (187)
pP2-q9 P14
S=(_’1+E)2:m2+2p1 k
s:("2+(j’)2:m2+2p2 q (188)
Pok=p-q
- P
M=grc2 [P PR (189)
ﬁl -k 19
2.5. Kinematics
| work in the frame with initial momenta
71 = (m,0,0,0), k= (w,0,0,w)], (190)
in Cartesian coordinates. The final momenta are
q= ( I7q)7 ﬁ? = (Ea p2) (191)
W' =q=|q (192)
E = \/m?+ p}, p2 = |p2| (193)

Without loss of generality | can orient my coordinates so
that

‘cj’: (W,w'sinf,0,w’ cosf) ‘, (194)

| use conservation of 4-momentum.
p5 +w'sinf =0 = p§ =—w'sind (196)
w=uw'cosh+p; = pj=w—w cosb (197)
‘ﬁg = (E,—w'sin6,0,w — w' cosf) ‘ (198)

p3 = (05)* + (#3)* = w”sin® 0 + (w — w’ cos §)* =

w?sin? 0 + w? + w'? cos? 6 — 2ww’ cos =
w? +w'? — 2ww’ cos
(199)
Py = \/w2 + w2 — 2ww’ cos 6 (200)
E =\/m?+w? + w? — 2ww' cos (201)
m+w=FE+uw (202)
E=m+w-—u (203)
E*=(m+w-uw)? (204)
This implies (I worked it out with Mathematica)
, mw
= . 205
e w(1 — cos @) (205)
k
=g (BT Pk (206)
p1-k  P1-q
Pk =muw, p1L-q=mw (207)
9o (W w
=g (=42 2 (208)
w o ow

2.6. Cross Secction

| get the cross section from Egs. (5.21) and (5.22) in

Schwartz.
do = ¢5(4) (Pr + k — Pa — Q)d®pad®q  (209)
64m2mww’ B
6472 mwdo = s V(B +k — P — Pdpad®q  (210)

w'E
6ar?mwo = [ dpy [ &g L6 (5 +F—fr—) (211
T mwo = D2 qw’E (P1+k—p2—q) ( )

647r2mw /d3 /dp2 Wow o,
92G2 w/

5 (P1+/€ Pa — q)

(212)
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/

W' =w'(g) =g,

E=E(p2) =\/m2+p3 (213)
64m2mw / / d3py w 5
bdmimew 9., v

g*2G? qE(p2) q

5(4)(171 +/€—p2 —(f)

(214)
647r2mw q w
dq 4% 9
e / / ( Ty )
(P + k p—4q)
(215)
64m2mw /CP(J (q+w2>/ d3p
9*G? ¢ \w ¢ E(p)
SOG+ k-7 q)
(216)

5(4)(ﬁ1 Jrl;*ﬁ*(f) = 5(3)(p1 +k—-p—q)d(m+w—E—w)

(217)
647m2mw Pqlq w d°p
ez 7 o \ots 2

g°G qg \w ¢ E(p)
0 (p1+k —p —q)d[m+w— E(p) — ']
(218)
w/:q) p1:07 k=wz (219)
64m2mw Pqfq  w d’p
e = o \o T2
6wz —p—q)d[m+w— Ep) —q

(220)
64m2mew g (q  w d’p
e ) T\t

g°G qg \w ¢ E(p)
5(3)(w27p7q)5[m+w*E(P)*‘I]

(221)
0=wz-p-q = p=wi—q = p’ =

w4 ¢ — 2wz q=w’+¢° — 2wg. = w® +¢* — 2wqcos b

(222)

Remember 0 is the angle from the z axis (along which the
collision occurred). This matches up with 6 as convention-
ally defined in spherical polar coordinates. Which is why |

10

set things up this way.
64m2mw / d3q < LY ) /
il o B I A
9°G? g \w ¢ \/m2 + p?

Wz —p—aq)dm+w—vm?+p?
(223)

64m%mw 3
o= [ea(ivs-2)
S[m+w — /m2? + w? + ¢% — 2wgcosf — g
gv/m? +w? +

q2% — 2wqcos
(224)

| change the dummy variables to exploit the spherical sym-
metry in this integral.
64 2 47 o0
waz/ dQ/ d7‘7“2<£—|—8—2)
9*G 0 0 w T

Sm+w — vVm?2 + w? +r2 — 2wrcos — 1]

rvm2 + w2 + 12 — 2wr cos f

(225)
647T mw
rém+w— \/m2 +o.12 +7"2 72&)7‘60897?”]
vVm2 4+ w2 + 12 — 2wr cos 6
(226)
64m>mw do i T w
e [u(z 4t
g2G?  dQ /0 “\w + x
z6[m +w— vVm?2 + w? + 22 — 2wr cos§ — 7
vVm2 + w2 + 22 — 2wax cos b
(227)
fl@)=m+w—Vm?+w?+a2 —2wrcosd —z (228)
64m>mw do ° T w
LA
g?G?  dQ) /0 “ (w + x )
z6[f(x)]
vVm?2 + w2 + 22 — 2wz cos b
(229)
f(x) has only one zero in the range of integration:
mw
=0 =uw = 230
f(@o) =0, ro=w m+ w(l —cosf)’ (230)
where | used Eq. 205. | use the identity
O(x —w')
S[f(z)] = =2 231
) =S5 (281)
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me (232)

647m%mw do 1 o0 Tz w

e L% 9

g2G?  dQ |f’(w’)\/0 du (w+x )
)

xé(r —w
vVm?2 + w2 + 22 — 2wz cosf

(233)

do ([ gG S R T w
dQ_<87rmw) w(m+w—w)/0 dx(w+x_2)
xé(x —w)

vVm2 + w2 + 22 — 2wz cos b

(234)

do [ ¢G Sy nfw W
dQ(Sﬂ'mw) wim+w—w) E+Ji2

w/

vVm2 + w2 + w2 — 2ww’ cosf

(235)

do <gGw’)2(w’+w2) m+w—w

(m+w—w')?

dQ  \ 8mmw w o w
(236)
Conservation of energy yields m + w — w’ > 0.

do gGw' \? (W w

— = — 4+ —==-2 237

dQ (87rmw) w * w’ (237)
do W' [ gG w' \1?
— = (1-— 238
dl w {877771 < w )] (238)
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