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| use Cartesian coordinates

ot = (22,27, 2%) = (t, 2,9, 2). (1)

| use matrix (not component) notation. The rotation

operator around the x axis is

10 0 0
01 0 0
Ra(9) = 00 cosgp sing|’ (2)

0 0 —sing cos¢

For an infinitesimal rotational angle |d¢| < 1

10 0 O
01 0 O
00 —dp 1
R.(6¢) =1—06¢ J,, (4)
where I is the identity matrix and
000 O
000 O
Te=looo 1] (5)
001 0

Rotations about the x axis obey the composition property:
Ry (¢)R;(0) = Ry(¢ + 6). Then a finite rotation can be
compounded from an infinite number of infinitesimal rota-

tions d¢ = ¢/N:

Ry(6) = lim R.(66)" = lim (1—86J,)" =

. o \V
leloo N

There is a neat identity
y \N
e ¥ = lim (1 - Nm) , (7)

that generalizes for matrices

In group theory jargon,
®
is the generator of R,.

| repeat this exercise for rotations around the y and z
axes.

1 0 0 0
0 cos¢p 0 —sin
Ry((b): 0 Od) 1 0 ¢ (10)
0 singp 0 cos¢
100 O
01 0 -6
R,Go) =0 & 00 =1-000, ()
0 6p 0 1
0 0 00
0 0 01
Tv=10 0 00 (12)
0-100

d) N
Ry(¢) = lim R,(6¢)" = lim R, (N) _

6\ Son _ ity
lim (I - Jy) = e v = ¢ Py = 1Py = il

N —oc0

(13)

1 0 0 0
|0 cos¢ sing 0
R(¢) = 0 —sing cos¢ 0 (15)

0 0 0 1
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1 0 0 0
o 1 sp o)
0 O 0 1
00 0 O
00 -10
=101 0 0 (17)
00 0 O

R.(9) = "=,

®
The boost along the x direction is

cosha sinha 0 0

sinha cosha 0 0
Ba:(a) = 0 0 10/ (19>

0 0 01

where « is the rapidity parameter. The boost must be writ-
ten in terms of the rapidity parameter, and not the velocity,
because the rapidity parameter obeys the composition rule,
but the velocity does not

B,(a)B.(B8) = Bx(a+ B). (20)
For an infinitesimal rapidity parameter

cosh da = 14+0(6a?), sinh da = da+O(da?), (21)

1 6 00
Bosa)= % 1 V0 —1-davi,  (22)
0 0 01
0 =100
-1 0 00
Ve = 0 0 0O (23)
0 0 0O

| proceed like | did with rotations but with éa = a/N,

. . a\N
Bele) = Jim Buoo)® = Jim B (ig) =
. o N —aV, i2aV, iaiV; iaK
lim (If—Vz) =e Yz =¢ v = 'MVe = '*e
N—oco N

(24)

and the generator of B, is

=) &

| repeat the calculation for boosts along the y and z
directions.

cosha 0 sinha 0
0 1 0 0
sinha 0 cosha 0
0 0 0 1

By(a) = (26)

1 0d6a 0
010 0
B,(da) = S0 0 1 0 =I-daV, (27)
000 1
0 0—-10
000 0
Vw=1_100 o0 (28)
000 0
By(a) = e, K, =iV, (29)

cosha 0 0 sinha
0 10 0
Bz(a)i 0 01 0 ) (30)
sinha 0 0 cosha
1 00 dc
B.so)=| o o0 0 |=1-sav. (1)
o 00 1
0 00 —1
0 00 O
V=10 00 0 (32)
-100 O
B.(a) = e'*K=, K, =iV, (33)

These are the generators of the Lorentz group. They
satisfy
[Li, L;| = i€;jx Ly, [Li, K;] = i€ Ky,
(K, Kj] = —i€ije Lk,
(34)
where €, is the Levi-Civita symbol and there is no sum-
mation over repeated indices. | plugged the generators into

these commutators in Mathematica and confirmed that they
are true. QED.

Without loss of generality | can restrict myself to 1 spatial
dimension. My coordinates and metric are

oH = (x07m1) = (t,x), Nuw = (é _Ol) . (35)
The two events are

xfy = (to, xo), i = (t1,21). (36)
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The interval between them is

As? =, Azt Az” = At? — Ax?, (37)
where
At =ty — to, Az =z — x0. (38)
The boost is
Al = (—va _77“) : (39)
where v is the boost velocity and
1
v = N (40)

The boosted coordinates are

af = (2% 21) = (£,7),  of = Ak, (41)
where
t=20= Aga:” =t — vz, (42)

=2' = AEL:E“ = —yut + yz. (43)

8l

The spacetime points, Eq. 36, in the boosted coordinates
are

xé‘ = (to, To) = Y(to — vxo, o — Vto),

i o (44)
xf = (t1,%1) = v(t1 — vy, 1 — vty).

The metric is invariant under boosts

1 0
Npp = (0 1> ) (45)
SO

ASQ = AF — A(E2, A{: 1?1 - t_(], AT = 1 — Zg. (46)

2.1. a

The interval is Lorentz invariant:
As® = At — Ax? = AP? — AT (47)
The interval is spacelike
As? < 0. (48)

If the events are simultaneous in the boosted frame | get
the expression

As? = —~AZ® <0 = TRUE \ (49)

This expression is self-consistent: therefore it is possible to
find a Lorentz frame where spacelike separated events 1 &
2 are simultaneous. If they occur at the same spatial point
in the boosted frame Az = 0:

As? = At? <0 = FALSE \ (50)

Spacelike separated events 1 & 2 cannot occur at the same
spatial point in any frame. QED.

22. b

Now | assume the interval is timelike
As? > 0. (51)

Using my notation from Sec. 2.1:

’Asz = —Az?> >0 = FALSE

U

(52)
|As?= AP >0 —> TRUE|
QED.
3. 3
My coordinates are
ot = (2% 2, 2%, 2%) = (t,2,y,2) = (t,r). (53)

In GR its not kosher to treat coordinates as vectors, but it's
okay in SR. The 4-current field is

jH = jﬂ($V) :j“(t,r), jH = (j07j17j27j3) = (P>j)7

7% =p=p(t,1), (55)

is the charge density.

3.1. a

Q= /d3xj0(t, r),d®r =dedydz =dV  (56)

Q= [avplt.r) (57)
0= % _ %/de(t,r) (58)

0= / v %p(t,r): / avptr)  (59)

In this case their is no difference between the total and
partial time derivatives.
Ouj" = 0= 004" + 015" + 025> + 035° =
05" + 0pj" + 0yj¥ + 0,57 =0p+ V- j=
p+V-i=0 = |p(t,r)=—V-j(t,r)| (60)
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Q= —/dVV -j(t,r) (61)

| use the divergence theorem

/dvv-j(t,r):fdAj(t,r)-ﬁ, (62)

where my Gaussian surface is a sphere at infinity with unit
normal i = £. The exact form of its infinitesimal area
element dA is irrelevant.

Q:—j{dAj(uoo)-f (63)

I make the reasonable assumption that there is no matter
(so no charges and no current) at infinity j(t,00) = 0.

=) £=0, = |Q=0|  (64)

Q=—¢d

QED.

3.2. b

The Lorentz group includes rotations and boosts. It is
well known that charge is conserved under rotations, so |
will only consider boosts. Because space is isotropic | lose
no generality by only considering boosts in the x direction

v —vy 00
a_|-vvy v 00
A= 0 0 10] (65)
0 0 01
where v is the boost 3-velocity and
- (66)
7= V1I—02
My boosted coordinates are
2 = (@%,2',2%,2%) = (1.2.7, 2). (67)

The charge in my original frame is

Q= /d3x p(t,x,y, 2), d®z = drdydz. (68)

The charge in the boosted frame is

Q:i/fiﬂ:ﬁgzh dr =dzdydz.  (69)
There is a nice trick to solve this problem that | found in
the Problem Book in Relativity and Gravitation by Light-
man et al. (Problem 3.35). The integrals in Eqs. 68 & 69
are evaluated on 3D hypersurfaces of constant time (¢ = ¢
& t =1y). These surfaces intersect and create two hyper-
volumes, Ry & Ry, (FIG. 1). | consider the integral

d*z o J" =
R1 Rl

dtdrdydz0,J"(t,x,y,2), (70)

over the spacetime hypervolume R;. The divergence theo-
rem says

d*z 9, J" =
Ry S1

d*x J'n,, (71)

where the hypersurface S; encloses the hypervolume Ry,
d3z is its volume element, and n* is its outward pointing
unit normal. Because d,J* =0

/ d*z 9, J" =0, (72)
Ry

d*z J'n, = 0. (73)
S1

This integral can be broken up into several pieces

0 :f d*x JFn,, :/ >z JF(t, —00,y, z)n,+
S1 X

/ d®x JM(t, x, —oo0, z)n, + >z JF(t, x, 00, 2)n,+
Y

Yy

/ d3xJ“(t,x7y7—oo)n#+/ d3x JH(t, 2, y,00)n,+
P #,

/ d*x J'n, —|—/ >z JFn,,
o1(to) a1(to)

(74)

where 2" is the surface at * = —o0, %4 are surfaces at
y = Fo00, Z4 are surfaces at z = 00, 01 (tp) is the surface
of constant time ¢t = ¢, and o1 (fo) is the surface of constant
boosted time ¢ = ;. The red and blue colors match the
colors in FIG. 1. But there is no matter at infinity so

JH(t, +o0,y, 2) = JH(t,x, +o0, 2) = JH(t, z,y, o) = 0,
(75)

0= / dSI JE 77007ya2')nu+

x JH(t, @, 00, 2)n,+

/ d*x JH(t,x, —00, 2
a @,

/ d3x JH(t,z,y, —o0 x JH(t, x,y, 00)n,+
z

zy

/ 3z Jtn, —|—/ d3x JHny,
o1(to) o1(to)
(76)
0= / d*x J'n, + / dx J'n,.  (T7)
Joi(to) o1(to)

The outward unit normal along the ¢ = t( surface is

n* = (1,0,0,0). (78)
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| lower the index n,=mn,n", where 7, =
diag(1,—-1,—1,—1), so
n. = (1,0,0,0). (79)

Note that n#n, = 1 so n* really is the unit normal. Then

/ d*zx JFn, = / dBx Jng = / dBxJ’ =
Joi(to) a1 (to) o1(to)

/ &z p.
o1(to)

To work out the blue integral it is easier to work in the
boosted frame. But because the integrand is a scalar that's
easy.

(80)

n" =n; = (-1,0,0,0), (81)

The minus sign appears because | need the outward unit
normal. Then

Jtny, = Jing = Jong = —J° = —p, (82)

/ d3xJ“n#:—/ drp=
o1 (o) a1 (o)

[ dwdydzptt.ag.) =
(7'1({0)

—/ dz dy dz p(to, &, 7, 2) =—/ &’z p
0’1({(]) C"l({O)
(83)

The ¢ in the integral above is constrained by the bounds of
integration: | am integrating over the hypersurface o1 (o).
The change of coordinates is allowed because | can integrate

the function p in whatever coordinates | want. Plugging
Eqgs. 80 & 83 into 77 yields
/ &z p= / 3z p. (84)
a1(to) Joi(to)
Repeating this calculation for R5 yields
/ drp= / >z p, (85)
a2(to) o2(to)

where the o5 refers to the boundary surface of Ry. Com-
bining Eqs. 84 & 85 yields

/ i d?’i:p+/ i d%ﬁ:/ dgmer/ d*z p,
o1(to) o2 (to) Joi(to) Joa(to)
(86)

/ >zp= / d*z p, (87)
o1(to)+o2(%o0) Joi(to)+o2(to)

where o1 (tp) + 02(to) is the entire t = ¢y hypersurface.

/d?’ﬂ’cﬁ: /dgxp (88)

Comparing to Egs. 68 & 69 yields

[@=0] (59)

QED.

~1
Il
~+1
o

R>

t= to
R1

X

FIG. 1. Spatial hypsurfaces of constant time along which I
integrate @ (red) and @ (blue). The R, are the spacetime
hypervolumes I exploit with the divergence theorem. I su-
pressed the y and z directions.
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