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In one of the homework problems, you studied the fake
interacting field theory that is obtaind by making a field
redefinition of the free scalar field ¢. Upon making a field
redefinition you obtained interaction terms of various kinds.
In this problem we will focus ONLY on the following two:

Lt = —208(09)* + 8X*¢*(9¢)>. (1)

What are the Feynman rules for the two vertices correspond-
ing to these terms in the interaction Lagrangian. Write
down and simplify the contributions of only these to the
S-matrix for the process ¢p¢ — ¢p¢.

1.1. Lagrangian

aa¢2 = 2¢aoc¢a 8oz¢3 = 3¢2ao¢¢ (2)

—2X¢(09) = —2An*P$(0a8)(0p0) =
— M (0a0%)(050) = \p*n*P 0,050 = A\p* T
(3)

8N*9%(99)* = 8?0?17 (0a9) (9p0) =
S (0a0%)(050) = —5 X201 0a050 = —N 000

(4)

S = A09 — SN$°09 5)

FIG. 1. The 3-way vertex.
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FIG. 2. The 4-way vertex.

1.2. Feynman Rules

The 3-way vertex (Fig. 1) Feynman rule is

M6*00 & —200[(7)° + () + ()°],  (6)

where the momenta can be either entering or leaving the
vertex. | use arrows for 4-vectors and bold face for 3-vectors.

The 4-way vertex (Fig. 2) Feynman rule is

—§A2¢3D¢ & 16IA2[(71)% + (52) + (73)% + (1) |
(7)

1.3. Matrix Element

| work out the matrix element (nontrivial part of the scat-
tering matrix) M to leading order in A. Let the initial mo-
menta be p7 and ps. Let the final momenta be p3 and py.
The total incoming and outgoing momenta (respectively)
are

— —

P =p\ + Do, K = p3 + py. (8)


http://dft.uci.edu/publications.php
http://dft.uci.edu

1.3 Matrix Element
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FIG. 4. 8[s]

Because this is 2 to 2 scattering | use the Mandelstam vari-
ables

(s + D),

(ﬁ2 - 174)27 (9)
(P> — p3)*.

s = (p1 +I72)2 =
t=(p1 —ps) =
= (py —pa)? =

The matrix element is

SW(P - K)iM =3 +8ls] + ] + 8], (10)
where 8 (Fig. 3) is a 4-way diagram and the § (Figs. 4-6)
are 3-ways diagrams.

¥ = 16i\2[(51)%+(P2) 2 +(73) >+ (51) 2]0D (51 +Po— 3 —(1173

For any on-shell momentum: p'2 = m?2.

—

¥ = 64i>m26™W (P — K) (12)

S

FIG. 5. g[t]
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FIG. 6. Feynman diagram for [u]. Notice that the crossing
between p3 and py does not have a dot. That means it is not
a vertex.

@
81 = (-2 [ atp PP D 50
[(71)? + (72)* + 521[(F5)° + (a)* + 77

(13)
$[s] = —4)\2iwé(4)(ﬁ -K) (14
8[s] —4)\21%5(4)(13—13) (15)
@ _
311 = (20 /ﬁ45 LB 50 )
[(71) + (73)% + 52)[(52)° + (94)* + 5]
(16)
[t = 4%@%5(‘0 (P-K) (7

(4)
Blu] = (—2ir)? /d4 S ﬁ)(SM ) (P+pa—P3)

P2 —m?2 + e
[(71)? + (P2)* + 7 ][( 52)? + (7)* + 7]

(18)
+ 2m?)? 5 =
G §O(P - R 1
30 IS0 -R) (o)
M Lom? (s+2m?)?  (t42m*)?  (u+2m?)°
4X\2 s —m? t —m? u —m?
(20)
2. 2

Consider a particle (field operator ¢) of mass m decaying
into two particles (field operator x) of mass . The interac-
tion Lagrangian for this theory is given by . = g¢(9,x)*.


http://dft.uci.edu
http://dft.uci.edu/publications.php
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FIG. 7. Feynman diagram g.

Find the total decay rate to leading non-trivial order in per-
turbation theory, assuming that m > 2.
| don't like x. So | relabel: x — .

2
Line = 9O (0u1)(00) = g (09)* = 59 6(0¥)?
(21)
The Feynman rule for this vertex is

where p and k correspond to v fields and —/+ is for enter-
ing/leaving the vertex.

The decay in this problem is P(¢) — 5())k(t). The ini-
tial total 4-momentum is P and the final total 4-momentum
is K = p+ k. The leading order matrix element for this
process

sW(P-K)imM=g, (23)
has one Feynman diagram § (Fig. 7).

-

S(P - K)iM = —2igk -5é(P-p—k)  (24)

SUPB=R)M = —2gk - jsUP=TK)  (25)

M= —2gk-j (26)

| choose to work in the frame where the decaying particle
is stationary

P = (m,0,0,0), 7= (E,p,0,0), k= (E,—p,0,0), (27)
where p > 0 and
E=\/p?+p? (28)
| get the differential decay rate from Schwartz Eq. (5.24)

_ M2

dar
2m

dIlyips, (29)

where from Schwartz Eq. (5.21) | get

Bp 3k

_oPPN sW(P_K
167r2EpEk5 (P—K), (30)

dllyps =

where By, = \/u? + k? and E, = \/pu? + p?. Because | am

integrating over the 3-momenta p and k | cannot treat the
energies I;, and E), as the same here, even though | know
that £, = £, = E. In the integral | use

P=(Epp), k=(Ek). (31)

2
32m%m dl = d*p dk M5<4>(P -K) (32
E, E},

IMP6 (P — 5 — k)

321%mdl = d*p d>k (33)
V® + k) (1 +p?)
2R FI26(P— Gk
S9n2mdl = dPpdil | 29K PO =P = k) g
V® + k)1 +p?)
812m s o |k-PI2O (P —F—k)
———dl' = dpd’k — (35)
9 V(2 +E2) (42 + p?)
8m2m
A= 7 (36)
B k) - (E,,p) |2 L
AdF:d3pd3k |( 7;5 )2( p;p)! 5(4)(P—ﬁ—k) (37)
V(i + k) (2 + p?)
EwE, —k-p)? L
Adl = PpdPk (FFp p) s (P—p—k) (38)

V(? + k%) (12 + p?)

k = —kx%, p=p%x, p>0, E>0  (39)

2 2Y(,,2 2 2 R o

Adll = d3p d3k} [\/(M +k )(,LL +p ) + kp] 5(4) (P—ﬁ—k‘)
VZ + k) (2 + p?)

(40)

Al =

s WA HE) (W +p?) kol (w5 o 7
N S e UL

(41)
(s s V2R + p?) + kp)?
Ar= /d pak V(i + E2) (1 + p?)
5(m—E, — E,)6® (P —p —k)
(42)


http://dft.uci.edu
http://dft.uci.edu/publications.php
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P=0 (43)

s V(2 + k) (42 + p?) + kp)?
AT = [ d®pdPk
J ot i
5(m—\/u2+p2—\/u2+k2)5(3)(p+k)

(44)
+ + 5T 3
= for e )

2 92)2
AF/d3pw5(m2 u2+p2) (46)

2 47
8772sz/ 40
g 0

/°° dpp? T2 5
0 p? + p?

(m— ZW)

(47)
2 2
T /d M;ﬁ”(—QQMﬂ
(48)
z) =m —2y/p? + a2 (49)
2m i o (12 +222)2
The function f(x) only has one positive root z¢ > 0
/2 — 452
2o = % (51)
m>2u = m? —4u* >0 (52)
On the range 0 < z
d(xz — x0)
of ()] = ——2. 53
@) =Ty (53)
2rm ° o (2 +222)2
2 (12 + 223)°
T ol = a3 (55)
2mm m? — 4u®
o |F (@) = T (m? — 24 (56)

2
f(a) = ———= (57)
#2 +.I2
24/m?2 — 442 24/m? — 442

fllwo) = = | () =

m m
(58)

4 m? — 4>

2 —4p?T = W(WQ —2p°)? (59)
16mm*T" = ¢* —4p2(m? — 2p*)? (60)

2.1. Correction

Because the final particles are identical | need to divide
by 2!.

r—— (61)

32rm?T = ¢* — 4p2(m? — 2p2)? (62)



http://dft.uci.edu
http://dft.uci.edu/publications.php
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