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The questions are in blue and my answers are in black.
Because | am auditing the class and not competing for a
grade | will use my solutions to solve problem 1.

Consider the extension of the proper Lorentz group to
include space reflection or parity P. If the position is & =
(t,z,y,z) then parity is defined by PZ = (t,—x,—y — 2).
Positions are not actually vectors but in flat spacetime we
can pretend that they are (just like in Newtonian mechan-
ics).

1.1. 1l.a

Show that P commutes with the rotation generators J;
and anticommutes with the boost generators K.

This problm is best solved in matrix, not index notation.
The parity matrix is

10 0
0 — 0

Poo1o) 1)
0 0

1
| derived the boosts and rotations in HW. 1.
000 0 00 00
looo o lo o 01
Je=11000 -1 Jy’(o 0 00)
001 0 0-100
00 0 0 0 -100
s _iloo-10 1000
=="lo1 0 0 0 0 00
00 0 0 0 0 00
0 0-10 0 00 —1
K _;|l 0000 000 0
v="l 10 0 0 0 00 0
0000 100 0

Then using Mathematica | confirm that

[P, Ji] = {P, K;} = 0. 3)

1.2. 1.b

Show that there is no 2 x 2 matrix with the properties of
P within the (1/2,0) representation of the Lorentz group.
Therefore the (1/2,0) representation of the Lorentz group
cannot be extended to include parity.

The irreducible representation of the Lorentz group is

J+iK
It = (4)
2
where | use bold face for 3-vectors. Their sum is
Jt4+J =1 (5)

This is the same as adding two angular momenta in non-
relativistic quantum mechanics. The different irreducible
representations are labeled by the total angular momenta
quantum numbers (5%, 57).

In the (1/2,0) representation the basis states are

ljti—mtm™) = ‘;0m0> = |m) (6)
where | suppress all quantum numbers except mt = m
because they are constants. This representation is 2D
25t +1)(27 +1) = (25T +1)1 = ;4—1 =1+1=2. (7)
The basis states are
+)=(1,0), [-)=(0,1). (8)

| construct the angular momentum operators for the + and
— representations.

S+ =J01-) =0 9)

_ .~ (oo
JIJyJZ<O o> (10)

The J* vector operator is the same as the spin-1/2 vector
operator, so | can write down the answer immediately.

+_ i
JiT=5 (11)
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where the Pauli matrices are

gx:<(1) é),o <(1) _01) U—i<(1) _01>.(12)

| calculate the rotation generators.

J+K

J*t = 5 (13)
J++J_:J+K;J_H{:J (14)
T4+ ¥ =3 = J=J" (15)
Ji=2 (16)

| calculate the boost generators.

JP-F =K = iK=J"=J — K=—iJ (17)

i
Kj=—50; (18)

| assume that the parity matrix can exist. This matrix
must satisfy [P, J;] = 0.

[p il [P

PJ) = [P 3] == (19)
[P,J;]=0 = [P,0y] =0 (20)

It must also satisfy {P, K;} = 0.
{PE:} = {R;az} =—5{Po} ()
{(P.K}=0 = {P,o;}=0. (22)

No nonzero matrix can satisfy

{P, Ui} = [P, Ui] =0. (23)

Therefore the parity operation does not exist in the (1/2,0)
representation. QED.

Consider the free charged scalar field described by the
Lagrangian
L =—(

Dud") (0" ) — m*¢1 . (24)

In this theory the charged current is given by
iJH = pTotp — pOH el (25)

Find an expression for the total charge operator in terms of
the creation and annihilation operators of the particles and
anti-particles.

The field operators are

N
2\ d3 P ) o , 26
?(Z) / P )% /2E, (26)

1 et T 4 p e~ T
(@) = / p2e , (27)

2E

(28)
where £, = \/]m where p? = (pl)z + (p2)2 + (pS)Q-

i ="’ 056 — 0" § st (29)

The inverse metric in Cartesian coordinates, (¢, z,vy, 2), is

n*? = diag(1, -1, -1, -1) (30)
The charge density is
p=3" (31)
iJ% = n"¢193¢ — 0" ¢ 050" (32)
ip=n"¢"00¢ —n"°¢ 0o’ (33)
ip = 100 — ¢ Do’ (34)
B0 = 0p = (35)
ip=0'd— o (36)
ip(7) = ¢1(F)9(F) — d(T)$" () (37)

. ap(‘?te_iﬁ'f + b;@teiﬁ'f
(%) = /dgp (zﬂ)s\/E (39)
= (Ep,p) Z=(tx) (40)
pZ=(Epp) (t,x)=Eit—p-x (41)
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ip-xX —iEpt T —ip-x iEpt
o 5 apePX0e" 0t + ble Oge'tr . dBpd®k |Ey t i(GrR)-Z i(F—k)-&
0= [ (@) \2E, 2 o) = [ G b 7 oo

+ bpb;r(ei(’;_ﬁ)‘E — bpake_i(ﬁ'*'k)"E — apa;r{ei(’;_ﬁ)‘f

ipX(__; —iB,t T —ipx(; ib,t o N - "
(@) = /d3pape (—iEp)e +bhe (iEp)e + apbye {FHRE _ bLalT(ez(erk)w + bLbk@Z(pik).z] (52)

(2m)3\/2E,

(43)
o , , . Ppd’k |Ej iR &
L 5 bLe‘Zp'xelEf’t — apePXe bt p(Z) = /72 906 F[(a;b{; - b;r,alt)e (P+k)
(@) =i | &’pE, 5 (44) (2m) P
(2m)° V2, f £ i(E—p)-& (54F)-7
+ (bpbf. — apal ) =PT 4 (apby — bpay)e PR
o E, b;f)ei(Ept_pix) _ ape_i(Ept_p.x) + (bl,bk — aLak)ei(ﬁ—k)-rz}
w(@) =i [y i (59
(45)
— 2 _‘:i::ﬁi]z:(Eviavi):(EpiEkvpik)a (54)
w(xr) = z/ p 9 (27)3 (
Bpdk (B, o e
@) = B ((ag bl — bha e
2(2m)6 \| B, Pk TPk
PP — pLe” 7T —iv_ T —iTy &
() = i/d3p %ape o )ge (47) + (bpr - apabe ~ 4 (apb — bpax)e™ "t
™ R
+ (b;r,bk - aLak)ew* ]
(55)
ip(7) = " (D) (T) — p(D)7!(Z) (48)
Bpd’k By 4 |
7= | 27 2Rt et ot ol )eitBes gmivex
e o)~ [ G £ l(afb) — afe e
/d3 ale'’® —|— bpe P T /d3 /Ek bLe”” ake_”g‘f_ +(bpbl —apal )e T - V=X (ap by —bpay e T e+ X
(2m)3 + (bLbk — aLak)eitE”f e_i"*'x]

/d3 ape’”’ 4 b;rje”’ z /d3 E ake R be T (56)
P en)s 2, V72 2n)? .
)

The total charge is

(49
Q= /d3xp. (57)
p(T) =
d3pd3k Ek I L i . d3 d3k -
T (abe ™ bpe” T (b — arem ) _ [ &k By
/ 22m)° \ B P P k Q 202m)5 \| E,
3., 13 - N | |
/C;(];d)f \/;(&pelpx+bf 'ﬁf)(a;r(e ik-Z bkefzk.m) |:((1Lb;r( _ b;()al'c)eztEvJr /dgxe_W+,x
& P
' apal )e B S ev-x 4
(b b p L) itE /dd v
50 _
( ) (apbk b ak) ltE"+ /dsx eZV‘F x
d*pd’k | Ey + (bLbk - aLak)eitEv* /d3$ e_iv'x}
o0 = [ S B
P (58)

[(aT PE 4} e—iﬁ-f) bLeiE.f _ ake—iE~f)

(ape_’p T bJr g
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Q/dSpdSk By
) 20@2n)3 | E,

[(afbf, — bhaf)e’ 7+ 6@ (—vy)
+ (bpbf, — apal)e PP (v_)+
(apbi — bpar)e™ P+ 53 (vy)
+ (blbx — aLak)eitE“ 6O (—v_)]
(60)

(p) = 4(=p) (61)

Bp >k ,
o= [ L0k [Fuiasy —ofalge

+ <apbk — bpar)e” e 15 (v

/d3pd3k B,
202m)3 \| E,

+ (b;r)bk - aLak)eitE”f](S(?’) (v_)

—(bp bJr apafc)efitE”f

d3p d3k ,
Q= [0 2 agal ~ ol

+ (apbk - bpak)e_”(E”E’“)](S(?’) (p+k)

Ppd’k | Ey t T\ —it(Ep—E
+ [ o | Elbeb — apal e B

+ (b;f)bk - aLak)eit(EP*E’“)](;(?’) (p—k)

(63)

2itE,
_bI) Jr_p) wwhy

+ (apb_p — bpa_p)e "7

N /d3 bpbl, + blbp — apal, — alap
P 2(27)3

(64)
The only nonzero commutators are
[bp. by =

lap, aj] = (2m)*6® (p — k). (65)

d3p
°= [ gl
+ (apb_p — bpa_p)e
{bpv bL} B {ap’ a;f)}
+ / @p 2(27)3

T e2itE
_bI) 7p) vy

72itEp]

| substitute p — —p in two terms.

_ btp p) e2itEp
+ (apb_p — b_pap)e 27|
{brh bL} - {apv ai)}
+ / p 2(27)3
(67)
t Ty a _ gz
:/ﬁ;¢mﬁﬁi&$ﬂﬁk%f
{bp’ bL} - {ap7 GL}
+ / p 2(27)3
(68)

2(2m)3Q = / @ ({bp, b} — {ap,al})  (69)

2(2m)°Q = / d®p ([bp, bl] — lap, al] + 2b},bp — 2alap)

(70)
2(27)3Q =
/ &p[(2m)25C 175 (0) + 201 bp — 2afap]
(71)
2n1Q = [ Wb - ahap) (72)
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