Fall 2025 Final Exam Physics 513

This exam contains two questions. You may consult your class notes, my
lecture notes, handouts and any one quantum field theory textbook. In order
to receive proper credit for your answers you must show how you arrived at
them.

1. (10 points) Consider a field theory of a neutral pseudoscalar meson (field
operator 7, mass m) and a neutral scalar (field operator ¢, mass \)
interacting with fermions (field operator ¢, mass M) The interaction
lagrangian is,

L = —g10,09v"Y — gamiivysh + g(9,0)°m

(i) What are the mass dimensions of the coupling constants g, ¢g; and
g2 !
(ii) What are the Feynman rules for this theory?

(iii) Draw all relevant Feynman diagrams and write down the corre-
sponding S matrix elements for the processes:

(a) d(k1) + (ko) — ¥ (p1) + ¥(p2)
(b) @(k1) + p(k2) = ¥ (p1) + 1(p2)

2. (10 points) Consider a theory of a pseudoscalar meson (w, mass m)
coupled to fermions (¢, mass M )and also to a scalar meson (¢, mass
A). The interaction lagrangian is:

L = —gomtpinysp + g(8,0)*w

(a) To lowest nontrivial order in the coupling constants g and g, wrtie
down the S-matrix element for the process ¥ — ¢¢.

(b) Calculate the differential cross-section 92 in the CM frame..
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My notation mostly follows Schwartz.

1. 1

The interaction Lagrangian is

L = 9(09)*m — g1(08) YY"y — gamibiystp. (1)

1.1. (i) Units

I work in units where h = ¢ = 1. Then everything is
measured in powers of energy E. So [0] = EP, or more
succinctly [€] = p. The action is

S = /d4x$. (2)
The units in this equation are
[S]=0, [¢1]=-1, [d'z]=—4, [Z]=4 (3

From Schwartz Eq. (A.9) scalar fields have units [¢] = 1. |
assume the same holds for pseudoscalar fields [7] = 1.

[9(09)*n] = 4 (4)
[9(0)*] + [n] = 4 (5)
[9(09)*] +1=4 (6)

[9(09)%] = 3 (7)

l9] +2[0¢] =3 (8)

o= | %] = 2] ~w -t =1+1-2 @
[9] +4=3 (10)

lg] = -1 (11)

[91 (D)) = 4 (12)

(17" ] +2 = 4 (13)

(1] =2 (14)

(1] + [&] + 7] + [] = 2 (15)

Gamma matrices are collections of pure numbers and must
be dimensionless: [y] =0

1] + [0] + [¥] = 2 (16)
=91 = [ =[] (17)
[91] +2[¢] =2 (18)

The free Dirac Lagrangian has the term ) M1) so
[ My] = 4, (19)
2[Y] + [M] = 4, (20)
2[Y] +1 = 4, (21)
v =3/2] (22
(1] +3=2 (23)
[g1] = -1 (24)
[g2miinys ] = 4 (25)
l92] + (7] + [W] + LT + [0] = 4 (26)
[g2] + [7] +2[¢] = 4 (27)
[ga] +4 =14 (28)
[92] =0 (29)
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FIG. 1. Lines for different fields.

k

2

FIG. 2. Vertex for g(8¢)>m, with factor —2ig(+p) - (+k),
where the + is for leaving the vertex and the — is for entering.

1.2. (ii) Feynman Rules

| denote the three fields using the lines in Fig. 1. The
propagators are

. p+tM
wNZ—»Q 2 )
p2— M?+ e
i
~ 30
[ —— (30)
i
¢N52—A2+ie'

The three terms in the Lagrangian yield the three interaction
vertices in Figs. 2-4.

1.3. (iii) Feynman Diagrams & M
1.3.1. (a) ¢ — )

The reaction ¢ — 1) is equivalent to ¢ — e~ et so |
take

ki () + ka(m) — pr(e”) + pale™). (31)
The total momenta are
K =k + kg, P =1 + . (32)
2

FIG. 3. Vertex for —g1(9¢)yy*1), with factor gi(E£p.)y* =
g1(£p), where the + is for leaving the vertex and the — is for
entering.

FIG. 4. Vertex for —gamivst, with factor go-ys.

k1 P151

Sy

\*

FIG. 5. Feynman diagram ¥[1]. I only add external momen-
tum arrows for positrons.

Since this is 2 to 2 scattering | use Mandelstam variables

s = (El + E2)2 = (p1 +ﬁ2)27
t= (k1 —p1)? = (k2 — Po)?, (33)

u=(ky —pa)? = (k2 — p1)*

The non-trivial part of the S-matrix, M, has 3 diagrams
(Figs. 5 - 7) to lowest order.

i (K — P)M = 9[1] + ¥[2] + ¥[3] (34)

| use the shorthand w,, = us, (P,,).

5(4)(/_6'1 + EQ - 5)5(4)(5— 1 — P2)
(35)

l711)2(]5)'7_9'1) N2 = o =
A2\ Y sO(K—i) 6@ (5— P
PoT 2 (K=p)0™ (p—P)

(

36)

N
P1s1

52

FIG. 6. ¥[2]
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];1 17131
D2
]22 S2
FIG. 7. ¥[3]
ulvg(I?-I%) (4) — —
1) = 29 e (R P (37
5= (ki +ko)? = K? (38)
RE1:E%+_’2'E1=/\2+_'2 E1 (39)
= = 2gqUqv B
g1 = 0K - P) =5 (WPt ke ki) (40)
. 4 p+M
g[2] = *29192/61 pU1%1ﬁ2 T e Y

Because k; is associated with the 7 electron vertex in 3[2]
| place ¥, with @;. The order w1, is required to yield a
scalar.

kQ _p2 +M
(K — P2)? — M2
5D (k) + kg — Py — o)

812] = —ig1gota fy Y52

(42)
8[2] = —i6 (K — P)gigous kb Ko—pp M v
g192U1py (Ez — ) — MQ’Ys 2
(43)
t = (ky — p2)? (44)
a2 3 ko —p, + M
§[2] = =i (K — P)gi gt ¥, %%W (45)
. _ + M
8[3] = —29192/65417“175]#2_#%%1%
SO (F+ by — )0 (ky — P2 — )
(46)

k’1 17131

Sy

\p2

ko 52
FIG. 8. g[1]
pis1
52
FIG. 9. g[2]
— — kl - p + M
54 _ _ 2
g[3] = —id"V (K P)9192U1’75—(E1 ~ )2 — M2 Frva
(47)
u= (k1 — pa)? (48)

P By —p, + M
B[3] = —is W (K — P)glggﬂl'%lu;pizwklvg (49)

M= 200 Ly Ry
— 91921 (kl W% + ’VsW%l) vy
(50)
1.3.2. (b) ppp — Unp
F1(0) + ka(¢) = 71 (e7) +pale™). (51)
6 (K -~ P)M =g[1] + 82| (52)

| show the Feynman diagrams in Figs. 8 & 0.
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(kl kQ)Ul’YE)UQ
1] =2 ditp— 2l L1072
&[1] 992/ R

8D (k1 + ko — 7)0D (5 — 51 — )

k k: U1Y5v S L o=
_2992/d4p (ks - ko)tysvy 112115%25(4)(K_p)5(4)(p_p)

(54)
sk _ P (k1 - k2)T1y502
(1] = (K - P)2ggo 2y 5 (99)
I ki - ko)
31 = 60 (K - Pyagg, M2 0st2 5
S m
. _ + M
8l2] = ng/d%ulklm}éﬂz
S5+ ki — p1)0W (kz — o — )
(57)
812 = 5% - gtk 222 g (sy)
(k2 — p2)? — M?
@) BYA2e ko —py +
g[2] = i0"W(K — P)giuik, W}égvz (59)
ko —p, + _ k1 - ko)1 50
M = 9%%%1%%2”2 - 21992%
(60)
Fo—p,+ M . ki -k
M= (gf 1:;]”72]\42%2 —2igg2 5% | 2
(61)
2. 2
The interaction Lagrangian is
Zi = g(0¢)*m — gamihivysy. (62)

The Feynman rules for this Lagrangian are given in Sec. 1.2,
except that g1 = 0.

2.1. (a)

The reaction ¢1) — ¢¢ is equivalent to e~ et

Pi(e”) + pale™) = ki(9) + ka(9)

—

P =p\ + pa, K=k +k

| use the Mandelstam variables in Eq. 33.

(63)

(64)

By time reversal symmetry M is given by Eq. 61 (with

g1 :0)

M = —2igg 2U1”Y5mvz (ki - ko)

Since only | M|? is observable | drop the —i.

u V! = =

M =2gg P2 (R Fy)
2.2. (b)
2.2.1. Mt

Q= (uT,yO%v)’r _ UT’yT’}/OT

PT=40 A=
Q = v u

{75, 7"} =0 = »¥Y" = "5

Q= —v''v5u = —vy5u

(aysv)" = —vy5u
[ u =
MT = —2gg, 27 > (k1 - ko)
S—m
Vo2YsUL - o
M = 2992%(% “k2)
ms — S

(65)

(66)
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2.2.2. |M|?
IM|? = MM! (78)
IM|* = — Qgggs e (0175v2) (V2 Y5u1) (79)

2.2.8. Spins

| want the unpolarized cross section so | average over
initial spins.

2
M= S IMP (80)

s182=1

) L2
1 ki-k
M=~ ) (2992 1_m22> (@17502) (B275u1) (81)

! Bk 8
M=~ (29923 - m22> (417502)(V275u1) (82)
3182=1
2
B = Z (@1v5v2) (V2y5u1) (83)
5182:1
! Foks )
N 4<9923_m2> (84)
2
B = Z U17Y5V2V27Y5U1 (85)
3182:1

B = Z W1Ys [Z Vs, (P2) Vs, (ﬁz)] Y5u1 (86)

51:1 82:1

B = Z U175 lz Us(ﬁz)ﬁs(ﬁﬂ] Ysu1 (87)

s1=1

> vp)os@) =p- M (88)
2
B =" wys(p, — M)ysu (89)

Like in HW 10 and my QED notes | introduce spinor com-
ponent indices.

2
=3 (@)alis(p, — Mysl3(w)’  (90)

| am using the Einstein summation convention to sum over
spinor components.

(Ulﬂl)g[%(l% — M)vsl3 (92)

N
I
L0

9 B
B = [Z Us, (P1)Us, (ﬁl)] [vs(p, — M)yslg  (93)

81:1

2
> )i (5) = p+ M (95)
B = (p, + M)2[ys(p, — M)ys)§ (96)
% = T[(p, + M)s(p, — M)3s) (97)

B = Tr[(p1 + M) (vsp, 75 — M%Vs)} (98)

Y = =y = P = —Ps, %=1 (99)
% = Te|(p, + M)(—p, 357 — MA3)| (100)
%= Te[(p, + M)(~pp% - MA3)]  (101)
B ="Tr [(7’1 + M)(—p,T — MI)} (102)
| prefer to keep I implicit.
B = Tr[(pl + M)(—p, - M)] (103)
B = Tr[(pl + M)(p, + M)] (104)
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% = —Tr(p,p, + Mp, + Mp, + M?) (105)

-2 ="Te(pp,) +M+M+ M2 Te(1)

(106)
Tr(p) =p,Tr(v*) =0 (107)
~ B =T(pp,) + M2Te(1) (108)
% =~ Tr(p,p,) - 4M* (109)
B = 7plllp5 Tr(’Y/L’YI/) - 4M2 (11())
Tr(vuv) = 41 (111)
Nuw is the Minkowski metric.
B = —Ap\ Py, — AM? (112)
B = —Apy - Py — AM? (113)
M = (2992122> (P - P2 + M?) (114)
s—m
s = (k1 + k2)? = (P1 + 1a)? (115)
s =2)2 4 2k - ko = 2M? + 20 - s (116)
ki ko= M? =)+ 5 - (117)
19
M2 - )‘2 +p12 2 2
=(2 M 11
% ( 992 2M2 — m2 I 2p12) (p12 + ) ( 9)

2.2.4. Kinematics

| choose a frame where

7 = (B.0.0.p), 72— (E.0,0,—p), E= /A1 72}
(120)

pr2=E*+p* = M> +p* +p* = M* +2p°  (121)

2M? +2p? — N2
M= |2
( YN T ap? —

2
) (2M? +2p*)  (122)

OM? 4 2p2 — N2
4AM? + 4p% — m?

=2 (2g92 ) (M2 4p2)  (123)

2E2 — A%\ °

E is the initial energy of the electron and positron in the
CM frame. Without loss of generality | orient my axes so
that the final momenta are

ki = (E,ksing,0,kcos), ky = (E,—ksin, 0, —k cos 0)

(125)
where 6 is the angle with the z (collision) axis, just like in
spherical coordinates.

E=+X = FF=E-X (126)
Since k is the magnitude of a 3-momentum: k£ > 0. Con-
servation of energy implies £ > ).

k=E?—\2 (127)
p=VE2—M? (128)

2.2.5. (Cross Section

| get the differential cross section in the CM frame from
Eq. (5.32) in Schwartz.

E2 _ )2
B2 _ M2

do A
dQ ~ 64724E?

(129)

do 1

[EZ = )2 2E% — )2\ ?
a0~ 12872\ B2 = M2 (2992 AE? — m2> (130)

do 1 (g92 2F2% — )2 )2

dQ 32 \ 1 4EZ —m2

B2 _ )2
E2 _ M2

(131)
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